Study and characterization of coplanar transmission lines for electro-optic modulators design and optimization by Rodríguez Rodríguez, Eduardo
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
TREBALL DE FI DE CARRERA 
 
 
 
 
 
 
 
 
 
 
TÍTOL DEL TFC: Study and characterization of coplanar transmission 
lines for electro-optic modulators design and optimization. 
 
TITULACIÓ: Enginyeria Tècnica de Telecomunicació, especialitat en 
Sistemes de Telecomunicació 
 
AUTOR:  Eduardo Rodríguez Rodríguez 
 
DIRECTOR: María Concepción Santos Blanco 
 
DATA: 25 de maig del 2008 
 
 - i - 
 
 
Títol: Estudi i caracterització de línies de transmissió coplanars per al disseny i 
optimització de moduladors electroòptics.  
 
Autor: Eduardo Rodríguez Rodríguez 
 
Director: María Concepción Santos Blanco 
 
Data: 25 de maig del 2008 
 
 
 
 
Resum 
 
Aquest treball es basa en el disseny i optimització de moduladors 
electroòptics. Amb aquesta finalitat, s’exposa una primera part amb la teoria 
sobre aquest moduladors, i concretament de la línea coplanar com a base 
d’aquests. La segona part consisteix en el desenvolupament d’expressions 
tancades mitjançant diversos mètodes matemàtics per a la caracterització de 
la línea coplanar. Aquestes expressions seran necessàries per calcular 
diversos paràmetres dels moduladors. A l’última part es proposen les pautes 
de disseny i optimització de moduladors en funció de l’ample de banda i la 
tensió, mitjançant mètodes gràfics, tot acompanyat de diversos exemples. 
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Overview 
 
This works is focused in the design and optimization of electro-optic 
modulators. In this aim, there is a first part exposing the related issues and 
specifically the coplanar waveguide as the base of these modulators. The 
second part consists on the development of closed-form expressions for the 
characterization of the coplanar waveguide. These expressions will be needed 
in order to calculate the modulator parameters. In the last part the design and 
optimization rules in terms of bandwidth and the required voltage are proposed, 
by means of graphic methods, together with several examples. 
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INTRODUCTION 
 
As fiber optic technology offers performance benefits over traditional coaxial 
feeds, such as greater bandwidth and low losses along kilometers, electro-optic 
modulators have become important devices in telecommunication industry. One 
of the most relevant electro-optic structures applied in telecommunication links 
is the Mach Zehnder electro-optic modulator. Typically this kind of amplitude 
modulator is built over a coplanar waveguide (CPW), which is a type of 
transmission line thoroughly consolidated in the present time and used in a wide 
range of applications, not only for electro-optic purposes. 
 
The first idea of this work was to develop standard design rules for electro-optic 
modulators in order to optimize as much as possible this device. We will be 
dealing with travelling wave structures where the modulating electric field co-
propagates along the CPW line with the optical wave in the optical guide 
beneath, so that the concepts of velocity matching and the line losses are the 
main parameters for design optimization. However, by the time the research 
task set out, we found these modulators were strongly dependent on CPW 
transmission line parameters and that it was difficult to decide which the better 
method to modelate and characterize it was. Therefore, we realized that a 
detailed CPW study was needed. As a result, the initial electro-optic modulators 
task extended to CPW modelation and characterization. 
 
In the design of electro-optical modulators two effects usually neglected in the 
literature become highly relevant: the conductor thickness and the low and high 
frequency dispersion. Also the effect of buffer layer has attracted a lot of 
attention, but since the current trends in electro-optic modulators design in order 
to avoid undesirable effects such as the DC drift and to improve the electro-
optic efficiency seem to point in the direction of using x-.cut lithium niobate 
crystals without a buffer layer [1], we have not considered this effect in our 
study. 
Another important parameter for the design of electro-optical modulators is the 
characteristic impedance. It is important to have a good impedance match in 
order to improve the modulator efficiency. Chapter 3 gives expressions to 
calculate it but as far as the modulator performance is concerned, in this work 
we have dealt with velocity matching and losses only, and have left the 
impedance match issue for future works (chapter 4). 
 
We found that, unlike for microstrip line, where the effects of conductor 
thickness and the low and high frequency dispersion are properly taken into 
account through widely accepted and used closed-form expressions, in the 
case of CPW we found a lot of disagreements among the different CPW closed-
form expressions found in the technical literature. The conclusion is that there 
seems not to be a consensus among the scientific community as about which 
approximate formulas are valid to characterize CPW when both conductor 
thickness and low and high frequency dispersion become relevant. Moreover, 
some of the proposed formulas for CPW are mere adaptations of closed-form 
formulas that worked well for microstrip but have not any physical justification in 
CPW. 
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For all those reasons, we decided to carry out a generic study of CPW, in order 
to know which are the relevant effects that have to be taken into account and 
the better way to do it in approximate closed-form expressions using 
electromagnetic theories, curve-fitting approaches and comparison with full 
wave simulators such as HFSS.  
 
It is worth noting here that HFSS is a very powerful software which among 
many capabilities allows to account for anisotropic effects in the materials used. 
The substrates used for electro-optic applications must present some 
anisotropy which in our study we have not taken into account in order to give 
proper comparison with the closed-form formulas analyzed. The use of HFSS to 
study anisotropic effects has been left for future work. 
 
In addition to that, upon the experience gained when analyzing the existing 
closed-form expressions and looking into their advantages and drawbacks we 
envision the development of new simple and accurate expressions for CPW 
appropriate for the design of electro-optical modulators. Along the work, the 
main parameters concerned to CPW will be the effective dielectric constant, the 
characteristic impedance and the attenuation constant. 
 
Once CPW structures have been modelated properly, the investigation of 
electro-optic modulators design will be continued. Moreover, this work also aims 
at establishing the rules of design in order to arrive to an optimum configuration, 
which means high bandwidth and low voltage. 
 
As a summary, this TFC aims at: 
 
• Review the basic concepts about traveling-wave electro-optical 
modulators with emphasis in the CPW structures forming the electrodes. 
• Organize the current expressions for CPW, discussing its validity and 
margins of applicability by means of classical theories and numerical 
methods.  
• Develop, if necessary, new expressions for CPW, which have to agree 
with full wave methods and also taking into account simplicity and ease 
of application for quickly and easy CAD designs. 
• Apply all this expressions for electro-optic modulators design 
optimization and show practical examples. 
 
For achieving all this purposes, the work is structured in four chapters: 
 
The first one shows the theory about electro-optic modulators, and justifies the 
reason we focused in CPW lines.  
 
The second chapter is centered in the state of art of CPW expressions. With a 
previous explanation of the key effects taken into account, then the main 
common methods used to characterize CPW are presented. 
 
In the third chapter new expressions for the lumped parameters of a CPW are 
developed. The procedure is based on two mathematical techniques: Conformal 
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mapping method, for getting the line conductance and capacitance, and the 
incremental inductance rule, for getting the line inductance and resistance. 
Finally, several comparisons between the new expressions and other methods 
(full wave and closed-form expressions) are carried out in order to obtain the 
validity ranges.  
 
The last chapter firstly introduces some concepts about electro-optic 
modulators. These concepts are the limiting zones of design (low losses and 
velocity matching zones). After that, expressions for the optimum values of 
velocity matching and attenuation constant are achieved by curve fitting of 
bandwidth curves of level. Finally, some examples of modulators optimization 
are presented, in order to demonstrate the validity of the theory statement.
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CHAPTER 1. MACH ZEHNDER ELECTRO-OPTIC 
MODULATOR.  
 
1.1. Introduction 
 
Objectives 
 
The objective of this chapter is to introduce the Mach Zehnder (MZ) modulator, 
to become familiarized with its key parameters- electro-optic effect, crystal cut, 
quadrature point, pi-voltage and modulation depth-, and their impact in terms of 
design optimization, which is the subject of subsequent chapters. In addition, 
this chapter gives the reasons why we have focused this TFC in the key 
parameters: attenuation constant, effective dielectric constant and characteristic 
impedance. 
 
Detailed expressions associated to this chapter can be found in Appendix A. 
1.2. Design conditions of MZ modulators based on the 
electro-optic effect 
 
MZ modulators are based on the electro-optic effect.  In order to set down the 
basis of this effect the simple structure of a phase modulator is firstly 
considered. 
 
 
1.2.1. Crystal properties and the phase modulator 
 
It can be seen that for a second order effect such as the Pockel’s effect to be 
present in one material, this material needs to lack inversion symmetry, which is 
a special kind of anisotropy. Therefore we necessarily will be dealing with 
anisotropic materials meaning that we will find different optical properties 
depending on which direction the light is propagating along and which the 
directions of the field vectors involved are. Depending on the symmetry of the 
crystal we may define a special coordinate system known as the ‘principal 
crystal axis’ in which the permittivity tensor is diagonal. If light is propagating 
along one of these axes, it is affected by the ‘principal index’ into that direction 
[2]. Depending on the relative values of these principal indices we have the 
following classification    
 
 
biaxialcanisotropinnn
uniaxialcanisotropinnnornnn
isotropicnnn
zyx
zyxzyx
zyx
,
,,
→≠≠
→=≠≠=
→==
 (1.1) 
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Being n the index of refraction in a specific axis. Uniaxial and biaxial refer to the 
number of symmetry axes in the crystal. In uniaxial crystals, which are the more 
especially interesting in applications, usually the coordinate axes are set so that 
the z-axis follows this optical axis.   
 
The cut direction of the crystal is defined as the axis orthogonal to the crystal 
surface-or the direction of the transversal cut-.  
 
 
 
Fig 1.1 X-cut crystal example 
 
 
Figure 1.1 shows an example of x-cut crystal. The x axis is orthogonal to the 
crystal surface so that the optic axis lies in the crystal cut surface. 
 
Lithium niobate - 3LiNbO - is a crystal commonly used as a dielectric in 
integrated-optic modulators. It is an uniaxial crystal, where 23.20 === yx nnn , 
and 2.2== ze nn  [3]. 0n  is the ordinary index of refraction and en  is the 
extraordinary index of refraction.  
 
It can be shown that for 3LiNbO  the electro-optic effect is stronger if both the 
optical and electrical interacting fields follow the direction of the crystal axis. 
That has an effect on the electrodes configurations, establishing two typical 
configurations that agree with this condition. In the case of the phase modulator:  
X-cut crystal
Z-cut crystal
 
 
Fig 1.2 Phase modulator in x- cut and z-cut crystals 
 
If the conditions of design explained above are fulfilled, the change in the index 
of refraction in the 3LiNbO  will be given by:  
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233
3 E
rnn =∆      (1.2) 
 
Where n∆  is the change of the index of refraction, E  the electric field generated 
by the external signal and 33r , with a value 30.8pm/V is the higher Pockel’s 
coefficient [3], and n should be the relevant extraordinary index of refraction for 
the wavelength and temperature used. 
 
The E field produces a phase modulation over the optical signal. Applying that 
effect to a Mach Zehnder interferometer (Figure 1.3) it performs an amplitude 
modulation.  
 
 
1.2.2. Mach- Zehnder modulator 
 
The Mach Zehnder modulator is an integrated-optic amplitude modulator. It is 
implemented over a CPW. The input optical signal is firstly split into two paths 
and mixed again at the end of the line. The modulation is controlled by means 
of an external voltage applied to the center strip, with the lateral strips 
grounded. 
  
 
 
Fig 1.3 Mach Zehnder modulator on a CPW structure 
 
 
According to the condition explained in 1.2.1, the optimum position of the optical 
guides depends on the type of crystal cut, as follows: 
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Fig 1.4 Amplitude modulators in x- cut and z-cut 
 
 
In z-cut modulators, due to the asymmetry of the electric field intensity into each 
of the optical guides, appears a residual phase modulation named chirp [2]. 
Since the field intensity is the same in both optical guides X-cut modulators are 
inherently chirpless. Along the project we will consider x-cut modulators and 
therefore chirp effects are not considered. 
 
1.3. Expressions for Mach Zehnder travelling wave 
modulators 
 
We speak of a travelling wave modulator type as opposed to lumped electrodes 
type (Fig 1.3) when the electrical signal that modulates the optical wave is fed 
through one side of the CPW, co-propagates with the optical wave for a 
distance and then ends up in a matched load at the end point of the CPW. 
These are the modulators of interest in this work and in high frequency 
applications in general because they provide lower capacitance and better 
efficiency and these are the ones for which the transmission line characteristics 
of CPW studied here are relevant. 
 
1.3.1. Output power 
 
The aim of this part is to find the output power of the optical signal as a function 
of the input electrical signal, which is relevant for polarizing the modulator. 
Figure 1.5 shows the Mach Zehnder configuration. Input and output electric 
fields due to the optical signals are represented. This configuration where the 
electric field applied to one of the optical interferometric branches has reversed 
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polarity with respect to the field in the other branch is known as push-pull 
configuration. 
 
Vin
Ein Eout
 
 
Fig 1.5 Amplitude modulator 
 
 
As it has been developed in Appendix A the expression for the output power as 
a function of the input power is: 
 














+= pi
piV
VinPinPout cos1
2
   (1.3) 
 
Where Vin represents the external voltage applied in the conductors and piV is 
the pi-voltage- the voltage needed to achieve a 180º phase shift-.  
  
Vin=Vπ
 
Fig 1.6 Power ratio against phase between paths 
 
It is noticed that when the input voltage reaches the pi-voltage level, the relative 
phase between the two interferometer branches arrives to 180º, and then the 
output power is null due to destructive interference. 
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The amplitude modulator is often biased at the half power point- known also as 
the quadrature point- for lineal operation, see figure 1.6.  
 
 
1.3.2. Modulation depth and Pi voltage 
 
This section shows the expression for the modulation depth and the pi voltage, 
and explains their characteristic and importance for modulator applications. 
 
Figure 1.7 represents the cross sectional view of an x-cut modulator, composed 
of a CPW and two optical guides. 
 
 
 
 
Fig 1.7 Amplitude modulator. W: central strip width, G: gap between strips, t: 
strips thickness 
 
 
Considering a travelling wave configuration, the structure can be analyzed as a 
transmission line with an attenuation constant α, an effective index of refraction 
neff and characteristic impedance 0Z . The RF voltage is modeled as a source of 
internal impedance Zs. Between the source and the line there is assumed to be 
a matching network (figure 1.8): 
 
 
Adapting 
net
Vc
 
 
Fig 1.8 Equivalent circuit 
 
 
According to appendix A, the module of the phase induced in a Mach Zehnder 
travelling wave modulator is given by: 
 
 
LfFV
G
rn e )(0
0
33
3
λ
pi Γ
=∆Φ     (1.4) 
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Where 0λ is the wavelength, Γ is the overlap integral, L the CPW length, en  the 
extraordinary index of refraction (2.2 for lithium niobate) and 33r  is the Pockel’s 
coefficient whose value is 30.8pm/V , in the case of lithium niobate. 
 
The F(f) term is known as the modulation depth, which is positive, adimensional 
and depends on the variation of phase with the RF frequency signal. It can be 
treated as the transfer function describing phase variation against frequency. In 
DC, F(0)=1 and by increasing frequency the modulation depth decreases due to 
the increments of θ  and α yielding a low-pass characteristic. For ( ) 2/1=fF , 
the 3 dB  bandwidth of the modulator can be obtained. Its expression reads: 
 
( ) ( )( ) ( )22
2cos21
LL
eLefF
LL
θα
θ αα
+
+−
=
−−
    (1.5) 
 
As previously commented, piV  is the voltage that must be applied to the 
dielectric for producing a π rad phase variation. To arrive at that expression, 
formula (1.5) must be equaled to π. In addition, 0V  must be written in terms of 
the open source voltage, Vc. Looking at figure 1.8 and considering an ideal 
matching network  without losses, the power at the input will be equal than at 
the output.  In Appendix A the expression for the pi-voltage is demonstrated. As 
a result for the 3 dB bandwidth frequency, it leads to: 
 
033
3
0
0
2)(
Z
Z
Lrn
G
VfV s
e
ss Γ
==
λpipi
    (1.6) 
 
1.4. Pi-voltage - bandwidth trade-off 
 
In Mach Zehnder modulators, we are interested in minimizing the pi-voltage, 
and to maximize bandwidth. The relations are the following: 
 
↑→
↑→
↑↑→
→
→
∞→
)(
)(
,)(
0
0
fF
fF
VfFL
α
θ
pi
    (1.7) 
The maximum length will come fixed by the minimum required bandwidth. For 
that reason, when improving attenuation and velocity matching a greater length 
is allowed for the same minimum bandwidth, which benefits a lesser value of pi-
voltage. Hence, it is important to achieve low values of attenuation and velocity 
matching. In addition, we should obtain a correct value of characteristic 
impedance, normally 50 Ω, Due to the importance of these parameters the next 
chapters will be focused in the methods for getting them properly, based on the 
coplanar waveguide analysis. 
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1.5.  Conclusions 
 
The MZ modulator has been presented. The electro-optic effect, which is the 
base of this modulator, has been explained. The key parameters have been 
taken into consideration. The importance of the modulator length L, the velocity 
matching θ and the attenuation α as the main parameters to determine the 
bandwidth and the pi-voltage has been seen. That is why we will focus the next 
chapters in the characterization and optimization of these variables. 
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CHAPTER 2. COPLANAR WAVEGUIDE 
 
2.1. Introduction 
 
This chapter analyzes the main proposals for CPW characterization found in 
technical bibliography showing strengths and weaknesses with the aim to 
establish the best suited for proper CPW characterization. It is important to bear 
in mind that in order to obtain a proper expression for the attenuation constant- 
assuming TEM analysis- a correct expression for the characteristic impedance 
is also required.  
 
Objectives  
To present, analyze and study the formulas for CPW characterization available 
in the literature. Effective dielectric constant, characteristic impedance and 
attenuation constant formulas are considered. In addition, this chapter will 
introduce the issue of the conductor thickness effect applied to CPW, and finally 
several methods for the skin effect consideration based on the internal 
inductance analysis will be discussed. 
 
2.2. Main issues of CPW 
 
This section includes all the issues related to CPW design in electro-optical 
modulators. We must find CPW line expressions that are able to properly 
account for skin effect, thickness and dispersion. Starting from that we will 
establish criteria to derive advantages and drawbacks of each expression found 
in the literature. 
 
2.2.1. Geometry 
 
A CPW consists on a coplanar structure with various conductors over a 
dielectric substrate. The conductors are distributed on a center strip and two 
grounded lateral planes separated from the central electrode by a narrow gap. 
 
H
W G
rε
t
Wg
σ
 
 
Fig 2.1 Parameters of a CPW 
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Where: 
• W: Width of the central strip. 
• G: Gap between central and lateral conductors. 
• Wg: Width of laterals planes. Normally considered infinite in the majority 
of analysis because it is usually much longer than both W and G. This 
work also considers an infinite Wg. 
• t: Conductors thickness. Several documents do not account for 
thickness. In an electro-optical modulator the influence of this parameter 
in the effective dielectric constant is crucial since it is often used as a 
strategy to achieve optical-electrical velocity matching. 
• H: Substrate Height. Above a certain value that depends on the rest of 
parameters in the structure, H can be considered infinite. However, we 
develop our work taking into account the specific value of H, because for 
typical values in electro-optical modulators the substrate contribution is 
considerable. 
• rε : Dielectric constant of the substrate.  
• σ : Conductivity of the conductor material. 
 
All these parameters are needed for a complete analysis of a CPW. Along this 
work we will use the nomenclature of Figure 2.1 to refer to each parameter. 
 
2.2.2. Modes of propagation 
 
Considering propagation along the z-axis, the modes and their definitions are: 
• TEM mode (Transversal electric and magnetic field, 0,0 == zz HE .):  In 
TEM mode, the transverse dimension can be solved by using 
electrostatics theory and a transverse voltage may be defined. The 
phase velocity and the attenuation (our two main parameters) are 
constant, independent of frequency. Using this mode we may model the 
line as its electrical equivalent circuit and find the lumped parameters -L, 
R, C, and G (see figure 2.1) from geometry considerations. From these, 
the effective dielectric constant, attenuation and characteristic 
impedance may be obtained as explained in next section 2.2.3. 
• TE mode: This wave has the electric field only transverse to the direction 
of propagation- 0;0 ≠= ZZ HE -. 
• TM mode: This wave has the magnetic field only transverse to the 
direction of propagation- 0;0 =≠ ZZ HE -. 
• Hybrid modes: Other modes which can be expressed as a linear 
combination of TE and TM modes. 
 
The fundamental mode of CPW can be assumed quasi-TEM. All the formulas 
exposed and developed along the work hence consider this mode. In section 
2.4 we analyze an empirical formula useful for characterizing dispersion- at high 
frequencies, where TEM mode is not valid- in terms of the effective dielectric 
constant. 
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2.2.3. TEM mode expressions 
 
The phase velocity, which is the velocity of propagation of the TEM wave along 
the transmission line, is given by 
 
eff
p
c
v
ε
=      (2.1) 
 
Where effε is the effective dielectric constant of the line, 1>effε  except for 
vacuum 1=effε . Thus, introducing a dielectric medium implies a delayed 
propagation of the wave. 
 
Using general transmission line equations one can arrive to an expression for 
the propagation constant of the wave: 
 
 βαγ j+=      (2.2) 
 
Now considering the equivalent circuit in terms of lumped parameters of an 
infinitesimal length of transmission line: 
 
R
 
Fig 2.2 Equivalent transmission line  
 
Expression (2.2) can be expressed in terms of the lumped parameters of the 
line 
 
( )( )LjGLjR ωωγ ++=     (2.3) 
 
The characteristic impedance of the transmission line, defined as the ratio of the 
voltage wave to the current is 
 
CjG
LjRZ
ω
ω
+
+
=0      (2.4) 
 
In the case of low losses line, LR ω<< , and  CG ω<< , so that  
 
C
LZ ≈0      (2.5) 
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Also considering low loss line, the propagation constant becomes 
 
LCjj ωβγ ≈≈     (2.6) 
 
As a result, expression (2.1) for the phase velocity reads: 
 
LC
vp
1
== β
ω
    (2.7) 
 
Equating (2.7) and (2.1) we obtain the expression for the effective dielectric 
constant, in terms of lumped parameters 
 
LCceff
2
=ε      (2.8) 
 
For low losses lines, the attenuation constant is expressed as 
 
dielectricconductor
GZ
Z
R
ααα +=+≈
22 0
   (2.9) 
 
The expressions here presented will be used along the work. Specifically, we 
focus in the effective dielectric constant, typically by means of (2.8), the 
characteristic impedance (2.5) and the attenuation constant (2.9). 
 
 
2.2.4. Thickness effect 
 
Despite the importance that it may have in certain applications, among electro-
optical modulators some methods for the calculus of CPW just cannot consider 
thickness effect. In order to cope with this problem, we find in the literature a 
method that mimics the same approach used to account for thickness in 
microstrip lines consisting in defining a new equivalent structure. We explain 
that in the next section. 
 
2.2.4.1. Theory for microstrip lines [6] 
 
As the figure 2.3 shows, the electric field in the line with t>0 can be considered 
approximately equivalent to a line with t=0 an increased W. 
 
 
t=0t>0
W W+ ∆
 
 
Fig 2.3 Microstrip equivalent lines 
 
 
 - 13 -  
 
As a result, many texts try to found the increment ∆ factor, which allows to 
obtain the equivalent t=0 structure. As said, this method was firstly used in 
microstrip lines and then applied for CPW in several texts. However, in section 
2.2.4.3 we will show this application for CPW is not at all correct. 
 
 
2.2.4.2.  Common formulas 
 
There are several documents proposing formulas for thickness correction in 
microstrip that can be found in [7] to [10]. 
 
 
2.2.4.3. Disagreement for coplanar waveguides 
 
In the case of CPW, several documents suggest to follow an approach similar to 
that used for microstrip, i. e. to consider that the effect of conductor thickness 
can be modeled by an increment of W and a reduction of G.  
 
 
W G
W+∆ G- ∆
t>0
t=0
 
 
Fig 2.4 CPW equivalent lines 
 
 
To calculate this increment they propose to use the microstrip correction terms 
previously mentioned.  
In our opinion there is no justification to proceed that way in the CPW case. 
The reasons for questioning those methods in CPW are the following: 
 
• Microstrip line has got a conductor backed and CPW does not 
necessarily. Therefore the field lines will be different. 
• By increasing t, in CPW a capacitance between middle and lateral 
conductors will appear due to field lines travelling along the gap. In 
microstrip this is not the case as there are no lateral conductors.  
 
In order to confirm this assertion we used Txline to find the effective dielectric 
constant for a line with t>0, and the t=0 equivalent line applying the increased 
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width correction. Ideally, the value of effε  should be the same for both the t>0 
and the t=0 equivalent line, in the case of microstrip. Applying, as an example, 
the term given by Wheeler [7] as: 
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'' ∆+= WW      (2.12) 
 
 
We obtain the following results: 
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Fig 2.5 Comparison of microstrip equivalent lines. W= 9µm, H= 500µm, rε =34.7 
(LiNbOз substrate).Gold conductor, frequency 4GHz. 
 
 
The results are reasonably similar for low values of t. If the same assumption of 
microstrip is correct for CPW, the error should be approximately the same for 
CPW t=0 and t>0 structures. Operating the same way as before, we obtain for 
CPW the following plot: 
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 Fig 2.6 Comparison of CPW equivalent lines. W= 9µm, G=15µm, H= 500µm, 
rε =34.7 (LiNbOз substrate).Gold conductor, frequency 4GHz. 
 
 
Relative error. Correction term application for microstrip and CPW line 
Thickness(um) 
Relative error(%) for 
Microstrip 
Relative error(%) for 
CPW 
0,1 0,62 1,89 
0,2 0,71 2,90 
0,5 0,39 5,52 
1 0,28 9,36 
1,5 0,99 13,42 
1,8 1,44 13,69 
2 2,00 17,65 
3 3,59 25,18 
4 5,05 31,33 
5 6,43 38,96 
7 8,82 51,63 
10 11,49 66,87 
 
Table 2.1 Relative error between CPW and microstrip using thickness 
correction term 
 
Table 2.1 shows greater error between equivalent CPW lines than for 
microstrip. This confirms our suspicions about the fact that CPW needs a 
different method to account for thickness. In section (3.3.2) we propose a new 
simple method based on the capacitance increment in CPW that we have found 
gives good results even at large values of thickness. 
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2.2.5. Skin effect 
 
The skin effect is the phenomenon by which as frequency increases the current 
tends to concentrate near the surface of the conductor. Specifically, the concept 
of penetration depth in terms of current is expressed as follows (see [11] for 
further information): 
 
ωµ
ρδ 2=      (2.13) 
 
This is the length of a thin film in the surface of the conductor where one may 
assume that the majority of current into the conductor is concentrated, ρ  is the 
resistivity of conductor and µ  is the absolute magnetic permeability. 
In CPW analysis, the skin effect affects mainly the values of the line inductance 
and line resistance. It is very important to include skin effect if dispersion at low 
frequencies wants to be included. 
The two methods here compared to account for skin effect are explained below: 
 
2.2.5.1.  Gevorgian simple method [12] 
 
When t<3δ, the following assumption can be valid: considering the interaction of 
the magnetic field and the conductors, we can approach an equivalent CPW 
line by defining new waveguide sizes. The concept is similar to the thickness 
correction but, in this case, it does have a valid physical explanation based in 
the field lines and in terms of penetration depth. Assuming a recession of the 
strips by the amount δ: 
 
 
δ δ
W G
 
 
Fig 2.7 Equivalent strips considering skin effect 
 
 
The equivalent line is now: 
      
     W’= W- 2 δ 
G’=G+2 δ     (2.14) 
 
2.2.5.2. Wheeler’s incremental inductance method [11] 
 
The incremental inductance rule states that the effective resistance is equal to 
the change of reactance caused by the penetration of magnetic flux into the 
conductor. As a summary, this method leads to an expression for the internal 
inductance of any conductor- previously having the external inductance- and the 
line resistance. 
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This method gets a closed-form expression for the internal inductance, which is 
the inductance that governs the current behavior at low frequencies inside the 
conductors. The expression proposed is showed below: 
 
z
L
L
∂
∂
=
0
0
int 2
δ
µ
µ
    (2.15) 
 
Hence, having the external inductance 0L  we will obtain the internal inductance, 
which reflects the skin effect. In addition, the expression for the line resistance 
reads as follows: 
 
intLR ω=      (2.16) 
 
According to the document of Wheeler, the procedure is valid for conductors in 
which any of its dimensions is longer that twice the penetration depth. It must be 
taken into account that for frequencies near DC this method does not predict 
the behavior of CPW correctly. Therefore we will compare expressions taking 
frequency into account. 
In our future expressions we will use Wheeler’s incremental inductance method 
just for the calculus of the inductance. Also R will be applied in the attenuation 
constant expression, but a curve fitting of numerical methods will be needed 
(chapter 3) in order to arrive at concluding results for the attenuation constant. 
 
 
2.2.5.3. Comparison 
 
Taking the example of a typical CPW for an electro-optic modulator with 
parameters: W=9µm, G=15µm, H=500µm, substrate: 3LiNbO , conductors: gold, 
we have plotted the line inductance against the conductor thickness. The 
frequency is 5GHz to comply t<3δ (Gevorgian range) along a wider range of 
thicknesses and, hence, to see clearly the range of validity. Comparisons are 
referenced to the Heinrich results in terms of inductance [19], which is the most 
accurate method seen by us. 
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Fig 2.8 Ranges of validity for both methods 
 
 
It is observed in Figure 2.8 that the range of validity in the Wheeler’s method 
starts from a thickness greater than the penetration depth (δ≈1.1µm, for Figure 
2.8). However, the Gevorgian’s approximation performs well only for very small 
thicknesses, as we have previously said. For greater thicknesses, Gevorgian’s 
method is not valid. 
By increasing frequency (so that penetration depth decreases), the Wheeler’s 
method will obtain better ranges of validity while Gevorgian’s technique will be 
worse. As a result, in the case of electro-optic modulators with working 
frequencies above GHz, we will develop our future expressions for line 
inductance taking into account Wheeler’s method. 
 
 
2.2.6. Dispersion at high frequencies 
 
When increasing frequency, the quasi-TEM assumption is not valid and higher 
other modes dominate the CPW. There is no simple formulation based on 
theory analysis for this range of frequencies. Typically, as frequency is 
increased, the effective dielectric constant tends to the dielectric constant value 
of the substrate in a non linear manner. 
The Frankel’s method [13] is an empirical formula that tries to approximate the 
full-wave numerical results for  effε  in CPW taking into account the following 
parameters: W, G, H and frequency. 
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The resulting expression is: 
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Where: 
 
14 −
=
r
TE H
cf
ε
  (2.18) 
 
and b=1.8, qε is the effective dielectric constant at the quasi-static limit. It means 
that this value could be replaced by any of the quasi-static expressions for 
effε .For simplicity it is proposed 2
1+
=
r
q
ε
ε (see 2.3.3.1), a result from Wen’s 
analysis. 
 
The value of a depends on W, G and H through the following expressions: 
 
vGWua +≈ )/log()log(     (2.19) 
2015.064.054.0 qqu +−≈     (2.20) 
254.086.043.0 qqv +−≈     (2.21) 
)/log( HWq =     (2.22) 
 
The formula is valid within 5% for the ranges: 
 
0.1<W/G<5;          0.1<W/H<5;            1.5< rε <50;           0< TEff / <10; 
 
As an example of a simulated dispersion, we have computed effε versus 
frequency for two different values of substrate. 
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Fig 2.9 Line parameters: W=9um, G=15um, H=500um, rε =13(GaAS), and 
rε =34.7(LiNb 3O ). 
From a certain value of TEf , the effective dielectric constant increases in a non-
linear relation with frequency. 
The dispersion formula will be combined along the work together with static 
results by substituting effq εε = , in order to consider high frequency dispersion.  
 
2.3. Types of analysis 
 
2.3.1.  Scheme 
 
Along the work we found a great deal of documents centered in CPW’s. 
Therefore, we thought a scheme relating all the methods would be useful for the 
reader in order to place each one into context. 
We carried out a searching task of the various methods for CPW. We propose 
the next scheme for organizing the main ones: 
 
 
-Frankel
Analysis of CPW
 Numerical methods
 
-Finite difference method (FDM)
-Finite element method (FEM)
-Integral equations (IE)
-Transmission line matrix(TLM)
-Hybrid methods
-Wen
-Gupta
-Conformal mapping
-Heinrich
Static analysis
Closed expressions
Dispersion
 
Fig 2.10 Scheme of CPW methods 
 
Numerical methods will be merely commented as this work does not pretend to 
be focused on numerical techniques. However, they will be used as a 
workbench for the testing of the different analytical expressions, from which we 
have to select the best suited for the optimization of electro-optical modulators. 
Further information about the numerical techniques showed in the scheme is 
available in [14] and [24]. 
 
 
2.3.2. Closed-form expressions 
 
This work has mainly focused in the study of all closed-form formulas that have 
been historically used for the analysis of CPW. 
As we have seen along the investigation, the majority of closed-form formulas 
do not have all the parameters accounted for. A great deal of expressions 
consider t=0. A lot of studied formulas have considerable differences among 
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them. Our conclusion is that as long as CPW analysis is concerned it does not 
exist a consensus among the scientific community about which closed-form 
expressions should be used. 
It is our goal here to give some light into the matter and hence we have 
thoroughly searched information about the main documents talking about CPW. 
Then, we have computed the formulas in Matlab and compared them to full- 
wave software (HFSS), and finally we present here the expressions which gave 
the smaller errors. Also we analyze the performance of simple software tools 
available such as Txline. 
In addition, a differentiation between static analysis and dispersion formulas is 
considered in this part. The dispersion part can be found in section 2.2.6. 
 
 
2.3.3. Static analysis 
 
This section provides formulas based on quasi-TEM assumption. Hence, a 
static analysis based on the 2-D cross sectional view of CPW is developed. 
 
2.3.3.1. Wen [15] 
 
This document was the first to mention the coplanar waveguide. The expression 
derived for the effective dielectric constant approximates conductor thickness 
equal to zero and substrate height infinite. It yields 
 
2
1+
=
r
eff
ε
ε      (2.23) 
 
The expression can be understood as fields are half in air, and half in the 
substrate. As a result, the effective dielectric constant is the average of both 
zones of field.  
The resulting formula is useful for knowing, at a glance, the value of the 
effective dielectric constant. However, a more complex analysis is required for a 
more accurate analysis of the line parameters. 
 
2.3.3.2. K.C. Gupta [10] 
 
Gupta’s analysis provides expressions for the effective dielectric constant, the 
characteristic impedance and the attenuation constant (conductor and 
dielectric). 
These formulas do not consider directly thickness effect. However, an effective 
dielectric constant is defined tacking into account thickness by the capacitance 
method [16]. Nevertheless, Gupta’s expressions do not consider internal line 
inductance and therefore skin effect is not accounted for. 
 
2.3.3.3. Conformal mapping method ([16] to [18]) 
 
A great deal of documents speaks about conformal mapping as an analytical 
technique for the characterization of transmission lines. The conformal mapping 
method is based on finding the capacitances of the line, by dividing the line in 
regions. Approximating that the line inductance is only owed to the external 
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magnetic field- no penetration depth is taken into account- one arrives to the 
following expression: 
 
air
CPW
eff C
C
=ε      (2.24) 
 
As expression (2.24) shows, the internal inductance is not considered. 
Therefore skin effect is not accounted for. In addition, typical conformal 
mapping closed-form expressions do not consider thickness. Even when they 
can be adapted so to include this effect too, the resulting expressions are not in 
closed-form.  
 
2.3.3.4. Heinrich [19] 
 
Heinrich procedure is a combination of curve fitting of full-wave results and 
theory analysis- basically conformal mapping and Wheeler’s incremental 
inductance rule-. The main characteristic of the Heinrich method is that it gets 
expressions for the lumped parameters L, R, C and G. Then, one only has to 
use theory expressions from part 2.2.3 valid for quasi-TEM approximation, in 
order to obtain the effective dielectric constant, the characteristic impedance 
and the attenuation constant. Except dispersion (they are quasi-TEM mode 
formulas), all the issues are considered: skin effect (this is a quasi-TEM effect 
since it assumes low losses) and conductor thickness. Therefore, Heinrich 
method seems to be reasonably good and results are in good agreement with 
numerical tools (see results in section 3.5). 
 
 
2.3.4. Numerical methods 
 
2.3.4.1.  Commercial software tools 
 
Along this work two numerical methods have been used through the following 
CAD tools: 
• HFSS: Simulator based on FEM technique. It is possible to simulate 
complex structures, taking into account different modes dispersion and 
anisotropy. This last effect although it can have significance in electro-
optical devices has not been taken into account in this work to better 
compare the closed-form expressions which usually do not take into 
account anisotropy either. It needs a long time for getting a solution as it 
is a 3-D simulator. [20] 
• Txline: Simulator based on IE-method of moments technique. It is a 2-D 
solver of Maxwell equations by the method of moments. It provides 
solutions in a short time. However, it is limited to a 2-D analysis and 
dispersion can not be simulated. Only low frequency dispersion due to 
skin effect is considered. [21] 
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2.3.4.2. Weeks’ method [22] 
 
Using Week’s method one is capable of calculating the resistance and 
inductance per-unit-length of a CPW due to conductors. In this case, we will 
make use of the line resistance for the calculus of the conductor attenuation.  
 
Supposing any conductors structure, it shall be divided in several sections, by 
following the next statements: 
• (i,j) refers to the jth segment of the ith conductor. 
• (0,0) refers to the reference grounded segment. 
 
 
 
Fig 2.11 Division of conductors into segments in the Week’s method. 
 
 
In all, there will be M+ 1 segments according to: 
 
∑
=
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N
i
iNM
0
     (2.25) 
 
The step-by-step procedure is the following: 
 
• Divide the conductor structure in subsections. Each section has ∆W, ∆T 
cross-sectional dimensions, and a length l.  
 
• Calculate the resistance of each element by using: 
iji
ij A
r
σ
1
=    (2.26) 
 Where ijA refers to the surface of the segment (i, j). 
 
• Calculate the matrix of partial inductances between elements: 
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• Then, the next expressions are applied to calculate the impedances 
matrix Z, at an angular frequency ω: 
 
jmikijkmij rrR δδ+= 00,      (2.29) 
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kmijkmijkmij LjRZ ,,, ω+=     (2.31) 
 
 Where ikδ  refers to the penetration depth of the (i, k) segment. 
 
• Invert the Z matrix to obtain the admittances matrix Y 
 
 
1−
= ZY      (2.32) 
 
 
• In order to reduce the computing time, it is assumed that the conductor 
cross sections perpendicular to the propagation of the wave axis are 
equipotential surfaces, (considering TEM mode) that is, the voltage on a 
segment (i, j ) is the same on a (i, j’) segment, on the same conductor. 
So the voltage depends only on the i index and not on the j index. Thus, 
the M elements Y matrix can be reduced to a N elements y matrix: 
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• And the final impedance matrix, which contains the R and L values is, 
then: 
 
1−
= yz     (2.34) 
 
• Finally, from the R value, the conductor attenuation is found typically by 
using (2.9). 
 
 
As it will be seen along the work, the line resistance is the most critical 
parameter for obtaining the conductor losses constant. For that reason, it is 
important to properly characterize the R value, by means of either closed-form 
expressions or numerical methods. We have seen similar results between 
Heinrich and Weeks. However, HFSS and Txline results do not at all agree. 
Thus, differences between methods in terms of conductor losses are very usual. 
Once the structure mesh is done, Weeks’ results will be useful to calculate the 
frequency-varying conductor losses. However, in contrast to HFSS or Txline, 
because the meshing procedure is lengthy Week’s software takes a long time to 
calculate a new geometry. For that reason only frequency variations will be 
considered for a structure previously meshed. 
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2.4.  Conclusions 
 
In this chapter we covered the following topics: 
 
• Typical formulas and methods historically used for CPW analysis have 
been presented, their analytical and physical basis has been revised and 
explained and a classification of methods has been presented. 
• It has been seen that many typical expressions make a mistake when 
applying the equivalent conductor width method to correct for the 
conductors thickness in CPW. We have seen that it is just an 
approximation valid for microstrip, but inappropriate in CPW. For that 
reason, a new expression for taking into account the effect of the 
conductor thickness will be developed in the next chapter. 
• Heinrich’s method gives the closed-form expressions best fitted to the 
analysis of electro-optical modulators, better than  conformal mapping or 
Gupta methods, even though it does not account for high frequency 
dispersion. 
• High frequency dispersion in the effective dielectric constant is a non-
TEM effect which is best taken into account by adding to a quasi-static 
approximation an empirical formula obtained by curve fit of full wave 
numerical results. 
• The importance of skin effect in the performance of CPW has been 
showed. Two methods have been analyzed in order to account for skin 
effect, namely Gevorgian and Wheeler. The first has been seen to be 
best suited for low values of thickness relative to penetration depth (and 
therefore for low frequencies) while the second has been shown to be 
better for high values of thickness relative to penetration depth (and 
therefore for high frequencies). According to this result and taking into 
account the typical parameters in electro-optic modulators the Wheeler’s 
incremental inductance method has been chosen in this work for next 
chapter where new expressions will be derived, in order to properly 
simulate the skin effect. 
• A numerical method to approximate attenuation constant due to the 
conductors- the Weeks’ method- has been presented. This method is 
tested in next section against other methods to obtain the attenuation 
constant.  
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CHAPTER 3. NEW EXPRESSIONS BASED ON 
CONFORMAL MAPPING ANALYSIS AND THE 
INCREMENTAL INDUCTANCE RULE. 
 
3.1.  Introduction 
 
Along this work, one of the purposes was to look for valid formulas for using in 
electro-optical modulators application. Firstly, we found a great deal of 
expressions, and therefore a comparison between the expressions developed 
and HFSS was carried out. In these comparisons, we realized great 
disagreements between formulas. In that moment, we established the reasons 
of the inaccurate results: 
 
• Several formulas do not consider conductor thickness effect.  
• In order to reduce the expressions, the internal inductance is omitted. In 
that case, expression (2.24) is valid. However, it does not consider 
dispersion at low frequency properly, due to the internal inductance. 
• Dispersion at high frequencies was also not considered, owing to the 
nature of TEM expressions. 
• The relative error of the conductor attenuation, between formulas, was 
extremely high. 
 
A solution for all this weaknesses could be using a full-wave numerical method 
for the analysis and characterization of CPW. However, time computation and 
the difficulty for the application to the optimization of electro-optical modulators 
were a drawback. In addition, we found that the only procedure that fulfills all 
this issues was the Heinrich expressions as well as the numerical methods 
(HFSS and Week’s-in the case of attenuation constant-). However, their 
expressions are too long and cumbersome for being adopted as generic 
formulas in CPW, and for future optimization of electro-optic modulators. As a 
summary, we were looking for formulas with the exactitude of numerical 
methods (like HFSS, Weeks), or Heinrich procedure, but as short and 
straightforward as possible (like Gupta expressions).  
 
Objectives 
The aim of this chapter is to develop our new expressions taking into account all 
the factors explained above. It implies exactitude and relatively simple closed 
form formulas. 
 
In this chapter Appendix C will be useful because it contains all the expression 
derivations as well as all results and comparisons. 
 
3.2.  Previous comments 
 
3.2.1. Importance of the internal line inductance 
 
Following the example of the effective dielectric constant, in expression (2.8) it 
is assumed a dependence on L, the line inductance. This line inductance is 
composed of the external inductance (due to magnetic fields outside 
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conductors), and the internal inductance (magnetic field inside conductors). The 
internal inductance is mainly due to the skin effect (see appendix C).  
Several texts consider only the external inductance. Making use of (2.8):  
 
 
( ) lineexteffLlineexteff CLcCLLc 20int2 int; = →+= = εε  (3.1) 
 
Assuming the line in vacuum 
 
 
(3.2) 
 
 (3.3) 
 
Substituting (3.2) and (3.3) to (3.1) the resulting expression is: 
 
air
CPW
eff C
C
=ε      (3.4) 
 
Which agrees with (2.23). Expression (3.4) is the usual one in several 
documents. This formula would be valid if we were not considering skin effect, 
since it means omitting the magnetic field inside conductors. However, in our 
comparisons we have seen great difference using (3.1) instead of (3.4) 
depending on the frequency range. As we will see, that model supposes and 
inaccurate result of the total inductance, which means a disagreement of effε  for 
low frequencies (frequencies where the penetration depth is so high), so that 
the conclusion here is that we must consider L and C in a good way, by means 
of expression (3.1) instead of (3.4).  
 
 
3.2.2. Procedure 
 
In order to derive expressions for effε , 0Z , and α  we propose a combination of 
the following two methods: 
 
- Conformal mapping technique: By means of this method we will arrive to 
an expression for C and G. The main reference to this procedure here 
used is [16]. 
- Wheeler’s incremental inductance rule: We will get an expression of L 
and R, based on a derivative analysis. The basic reference of this 
method is found in [11]. 
 
Once the lumped parameters are achieved, one just should apply TEM 
expressions (2.5), (2.8) and (2.9) to obtain the closed formulas for effε , 0Z andα . 
In addition, to improve the results in the conductor losses constant a curve 
fitting of Weeks’ method (section 2.3.4.2) is carried out.  Summarizing, the steps 
followed in this section for obtaining our closed-form expressions are showed 
below: 
airair
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=
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Fig 3.1 Procedure scheme 
 
 
3.3. Conformal mapping analysis 
 
We applied this method based on the calculus of the different capacitances to 
obtain a closed expression for C and G. The conformal mapping can be thought 
as a method that allows us to transform the fields scheme of any structure to an 
equivalent parallel-plate capacitor. In this kind of capacitors, we are allowed to 
define the line capacitance and the line conductance as follows: 
 
     
d
SG
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SC
r
r
δεε
εε
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0
=
=
   (3.5) (3.6) 
 
Where: 
 
- δtan : Dielectric loss tangent. 
- rε : Effective dielectric constant. 
- d: Distance between plates. 
- S: Area of the plates. 
 
If we want to get the capacitance per unit length and the conductance per unit 
length we just have to obviate one dimension of S- the length of the line-. So 
that, from C and the dielectric loss tangent we could get G. 
To arrive at a parallel-plate capacitor problem the conformal mapping technique 
uses the Christoffel-Schwartz transformation [16]. This transformation is based 
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on elliptic integrals of the first kind. A more extensive analysis can be found in 
appendix C. 
 
 
3.3.1. Expression for the line capacitance 
 
The resulting conformal mapping expression for the line capacitance without 
taking into account thickness is (see appendix B): 
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The result of (3.7) is frequently used in several texts. However, it does not take 
into consideration conductor thickness; therefore it can be only adopted in 
structures where thickness is much smaller than the rest of parameters. 
 
 
3.3.2. Final expression with the new conductor thickness 
correction 
 
Electro-optical modulators use to have considerable values of conductor 
thickness, which means (3.7) will not be a valid approximation. We firstly 
thought about applying a typical incremental factor like (2.10), but, as it was 
shown in section 2.2.4.3, this incremental factor is not a good idea for CPW 
lines. Hence, we propose a new expression of the capacitance adding a 
capacitance term due to the increment of thickness, valid just for CPW.  
The derivation is available in appendix B. The resulting expression, with 
thickness accounted for is: 
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Our line capacitance formula is similar to conformal mapping expressions for 
CPW ([16] to [18]). However, in this case (3.8) presents better accuracy for lines 
where the conductor thickness has to be accounted for. 
 
 
3.3.3. Expression for the line conductance 
 
As the line capacitance is found, we can arrive to expressions for the line 
conductance. 
The procedure followed for the conductance is the same as the capacitance. 
Applying G as a function of C reads: 
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Where: 
- nδtan : Dielectric loss tangent of the material where the capacitance is 
calculating. 
- ω: Angular frequency [rad/m]. 
 
The total line conductance of the CPW can be obtained using (3.9). Thus, 
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Assuming the line in an air medium: 1tanδ =0, we get the following formula: 
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The 2tanδ value is the loss tangent of the CPW substrate. This result shows that 
the conductance in the line is mainly due to the dielectric and that the conductor 
thickness effect in the conductance expressions is not relevant. 
 
 
3.4.  Incremental inductance rule 
 
In [11] an analysis is carried out in order to find the inductance per-unit-length 
due to the skin effect and, hence, the resistance per-unit-length of a conductor. 
In section (2.2.5.2) the analysis is briefly explained. 
 
 
3.4.1. Expression for the inductance 
 
 In transmission line structures we consider the total inductance as a sum of two 
inductances: 
 
  - airL : It is the inductance related to the magnetic field outside the conductors. 
Since in our case all the materials involved are non-magnetic, the CPW can be 
considered to be in air medium, and therefore we named the inductance airL , but 
in many texts they refer to it as the external inductance. 
 
- intL : It is the inductance that considers the energy stored inside the conductors 
due to the skin effect.  
 
 
The total inductance is then: 
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intLLL air +=     (3.12) 
 
The expression for the inductance in the space is related to the air capacitance 
as: 
air
air Cc
L 2
1
=
    (3.13) 
 
Using Appendix B, which specifies the whole demonstration, we arrive to the 
final expression for the internal line inductance proposed in this work, that is: 
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Where the terms A and B are the partial derivates of the elliptic integral function, 
respect to G and W.  It yields: 
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Where: 
 
 
 
 (3.17) 
 
 (3.18) 
 
As a conclusion, the sum of intLLair +  forms the total line inductance (3.14) 
formula reflects in a good way the total inductance for the purposes of finding 
the effective dielectric constant almost from DC to skin effect frequency range, 
due to the internal inductance consideration. 
 
3.4.2. Expression for the Resistance 
 
The incremental inductance method allows to obtain an approximation of the 
line resistance, assuming: 
 
 (3.19) 
 
Which means the line resistance can be directly related to the internal 
inductance. 
It has been seen that this assumption is just an approximation, and not very 
accurate results are obtained with this expression. Since the line resistance is a 
critical parameter for the conductor losses, a better approximation is needed. As 
a result, we decided to derive an expression directly for the conductor 
attenuation by curve fitting of the results of Week’s method. In section 3.5.4 this 
formula is developed. 
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3.5. Results and comparisons 
 
In this part the lumped parameters previously obtained are used to get the 
expressions for effective dielectric constant, characteristic impedance, and 
losses. Once these formulas are obtained, several comparisons are carried out 
for each one. The comparisons are made with typical software and also with 
available closed-form expressions: 
 
• HFSS: A full wave simulator commonly used for RF structures. It is a 
very powerful tool and also very complex. Along our work we have seen 
that a correct parameter setting choice is very important in order to 
obtain valid outcomes. We found useful for future reference to write down 
the more important issues to take into account when simulating CPW 
with HFSS. This guide is in Appendix B. 
• Txline: A method of moment (a type of numerical method) software very 
simple but also very fast for calculating results. 
• Weeks method: This method will be used just for the conductor 
attenuation constant. It has been shown to give accurate results in 
agreement with measurements. 
• Heinrich method: Maybe the closed-form expression method to be more 
taken into consideration, due to their exactitude compared to numerical 
methods.   
• Frankel results to account for high-frequency dispersion. They can be 
applied over any quasi-TEM effective dielectric constant expression in 
order to perform high frequency properly. 
 
Appendix C shows all the results tabulated, and in terms of relative error. 
 
  
3.5.1. Effective dielectric constant 
 
Adding (3.14) and (3.8) to (3.1) we derive a formula for the effective dielectric 
constant taking into consideration typical dimensions: width, gap, and substrate 
height, and also very rarely considered parameters: conductor thickness and 
penetration depth. Each comparison is done for different frequencies looking for 
a proper method to analyze CPW valid for all frequency ranges. 
We have tabulated the effective dielectric constant against each parameter: W, 
G, t. Comparisons for varying H have been considered unnecessary because 
typical values of H are large enough so that these effects are not relevant. In 
addition, every method obtains very similar results for different values of H. Also 
this section carries out a comparison of the effective dielectric constant in terms 
of frequency considering dispersion by using Frankel’s method.  
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3.5.1.1. Variable: Conductor thickness 
 
Fig 3.2 Effective dielectric constant against conductor thickness 
 
3.5.1.2. Variable: Conductor width 
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Fig 3.3 Effective dielectric constant against conductor width 
Effective dielectric constant
0,00
5,00
10,00
15,00
20,00
25,00
0,10 1,00 10,00 100,00 1000,00
conductor thickness(um)
e_
e
ff
Txline
HFSS
Heinrich
This work
Frequency: 5GHz 
 
Conductor: Gold 
15um
9um
t
50
0u
m
LiNbO 3
 - 35 -  
 
3.5.1.3. Variable: Conductor gap 
 
Fig 3.4 Effective dielectric constant against gap 
 
The graphs show reasonable levels of agreement between the 4 methods 
considered. In section 3.6 the relative errors between formulas are presented 
and analyzed. 
 
3.5.1.4.  Dispersion results 
 
It is very important to characterize the behavior of the effective dielectric 
constant as a function of frequency. In this section we add to our expression of 
effε  the effect of dispersion at high frequencies (section 2.2.6). The skin effect is 
implicitly accounted for in the inductance-per-unit-length added to our model. 
 
The comparison is made for the methods previously commented, but in this 
case we have added a conformal mapping method compensated with Frankel 
for high-frequency dispersion to notice the bad results at low frequencies. This 
conformal mapping approach uses the effective dielectric constant as (3.4) so it 
is equivalent to omitting the internal inductance. The results are in the next 
graph: 
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Fig 3.5 Effective dielectric constant against frequency. 
 
Looking at figure 3.5 we notice that: 
 
• Txline software does not simulate dispersion at high frequencies due to 
the use of a TEM mode solver. However, it takes into account skin effect. 
• HFSS is full wave software, so that it considers low and high frequency 
dispersion. 
• Conformal mapping approach (3.4) only gives correct results when the 
penetration depth tends to cero. Otherwise, it is not valid for low 
frequencies. 
• Both Heinrich and our method take into account skin effect in a similar 
way, but by the nature of the equations they do not simulate high-
frequency dispersion. In Figure 4 both methods are combined with the 
dispersion formula of Frankel, for that reason effε  increases at high 
frequencies. 
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3.5.2. Results for characteristic impedance 
 
By means of expression (2.5) we are able to calculate the characteristic 
impedance of the CPW structure. As part 3.5.1, we include the same figures but 
in terms of the characteristic impedance. 
 
 
3.5.2.1.  Variable: Conductor thickness 
 
 
 
Fig 3.6 Characteristic impedance against conductor thickness. 
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3.5.2.2. Variable: Conductor width 
 
Fig 3.7 Characteristic impedance against conductor width. 
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3.5.2.3. Variable: Conductor gap 
Fig 3.8 Characteristic impedance against conductor gap 
 
3.5.2.4. Variable: Frequency 
 
Fig 3.9 Characteristic impedance against frequency 
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3.5.3. Results for dielectric attenuation 
 
Dielectric losses are much lower than conductor losses. However, at high 
frequencies it takes a reasonable part of the total losses, so we have decided to 
take into account the dielectric attenuation contribution. The difference with the 
previous comparisons is that we only show the dielectric attenuation varying 
with frequency for a couple of CPW different structures. That is because the 
dielectric attenuation has the greatest variation with frequency, and the other 
parameters do not give rise to a considerable variation of the attenuation value. 
Through the combination of (3.11) and (2.5) into (2.9) we calculate the results 
for the attenuation due to the dielectric. LiNbOз substrate and δtan =0.005 is 
assumed for each comparison. 
 
3.5.3.1. Dielectric attenuation. Structure 1 
 
 
Fig 3.10 Dielectric attenuation against frequency. Structure 1 
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3.5.3.2. Dielectric attenuation. Structure 2 
Fig 3.11 Dielectric attenuation against frequency 
 
It is noticed that dielectric losses, at low frequencies, have almost no effect -
conductor losses dominate-. By increasing frequency, dielectric losses can not 
be omitted because they take a not totally neglected part of the total losses of 
the line.  
 
3.5.4. Results for conductor losses 
 
As it has been commented in previous sections, the most difficult parameter to 
characterize is the conductor losses. Just from the characteristic impedance 
and the line resistance one is allowed to obtain the conductor attenuation by 
using TEM expressions. In this work the CPW lumped parameters are obtained 
so the low-losses conductor attenuation expression could be used. However, it 
has been seen that this option is not in compliance with both Heinrich and 
numerical results. The problems of such disagreement may be the following: 
 
• The line resistance calculated by the incremental inductance method is 
just an approximation and does not give correct results for δ2<=t . 
• The R value only considers the central conductor strip carrying the 
current. The actual fact is that the lateral conductors also carry a part of 
current that should be considered. 
• Also a deviation with frequency has been observed, compared to 
numerical methods. 
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Trying to establish an expression for conductor losses in good agreement with 
numerical methods we have developed a formula based on a line resistance 
value firstly obtained by means of the incremental inductance rule and then 
applying a curve fitting analysis of Weeks’ numerical method as a function of 
frequency. The result is showed below. 
 
 
 
(3.20) 
 
(3.21) 
 
 
There are two smoothing terms included in the expression. The t dependant 
term corrects the thickness deviation for the δ2<=t  condition. The frequency 
depending term corrects the frequency variation of the initial formula, but 
obviously (3.20) and (3.21) will have a limited range of frequencies (commented 
in section 3.6.4) owing that at very low frequencies losses are not infinite. Also 
the 7/4 empirical term is trying to include the lateral conductors effect. The 
curve fitting tool of Matlab has been used for this purpose, based on 
exponential smoothing terms. 
 
In the next lines a comparison of the obtained expression is done for the 
following conditions: 
 
• A typical structure with varying frequency. In this case Weeks’ results are 
also considered. 
• A variation of W, G and t for a limiting low frequency: 5GHz. Results for 
70GHz are included in appendix C. In this case Weeks’ simulations are 
not added because this method employs a great deal of time for 
calculating each new structure. However, HFSS and Heinrich are still 
included (and their results have been verified to be similar to Weeks’ 
method). 
 
In all comparisons of this part a null value of loss tangent is considered so 
dielectric losses have not been included. 
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3.5.4.1.  Conductor attenuation against frequency  
 
Fig 3.12 Conductor attenuation against frequency 
 
3.5.4.2. Variable: thickness  
 
Fig 3.13 Conductor attenuation against conductor thickness 
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3.5.4.3. Variable: Width  
 
 
Fig 3.14 Conductor attenuation against conductor width 
 
 
3.5.4.4. Variable: Gap  
 
Fig 3.15 Conductor attenuation against conductor gap 
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3.6. Ranges of validity 
 
This section establishes the ranges of validity of the new formulas, in terms of 
relative error. It is very difficult to determine which of the methods will be best 
suited to establish as a benchmark for comparison. We have commented that 
this assertion is especially true when it comes to attenuation constant values 
because significant discrepancies have been observed between full-wave 
HFSS and Week’s method, which has been seen to agree better with 
measurements. Anyway, for completeness we give the ranges of validity in 
terms of relative error when compared to each of the principal methods used 
here Txline, Heinrich, and HFSS- . Each of the tables refers to the dimension in 
the corresponding figure of previous sections. 
 
3.6.1. Effective dielectric constant 
 
Maximum relative error (in %)  and ranges of 
validity  
    
  
Thickness Width Gap Frequency 
Txline 6,4 4,2 1,97 33,14 
HFSS 3,4 2,1 2,84 7,6 
Heinrich 8,2 2,7 5,38 4,2 
Range for maximum 
error (0,5-200)um 
(3-
100)um (2-100)um 
(0,5-
1000)GHz 
 
Table 3.1 Maximum relative error and ranges of validity for the effective 
dielectric constant expression. 
 
The reason why the maximum error for Txline comparisons is 33.14% for the 
range of frequencies considered, is that Txline does not take into consideration 
dispersion at high frequency. However, in Heinrich and this work- which are 
TEM expressions-, that effect is added by means of the Frankel expression for 
dispersion correction. Hence, low error values in frequency are achieved among 
each other with HFSS- a full wave simulator-. 
 
 
3.6.2. Characteristic impedance 
 
Maximum relative error ( in %)  and ranges of validity  
  
  
Thickness Width Gap Frequency 
Txline 4,19 1,74 3,97 5,46 
HFSS 8,93 9,58 13,38 12,71 
Heinrich 1,84 1,55 3,01 1,44 
Range for maximum 
error 
(0,5-
200)um 
(3-
100)um 
(2-
100)um 
(0,5-
70)GHz 
 
Table 3.2 Maximum relative error and ranges of validity for the characteristic 
impedance. 
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3.6.3. Dielectric attenuation 
 
Maximum relative error in (%) and ranges of 
validity  
  
Frequency 
Txline 6,17 
HFSS 3,56 
Heinrich 1,2 
Range for maximum error (30 GHz- 70 GHz) 
 
Table 3.3 Maximum relative error and ranges of validity for the dielectric 
attenuation. 
 
These ranges are considered just for frequency, as physical dimensions will not 
cause significant variations. We have chosen 30 GHz as the lowest value 
because below that the conductor loss dominates. 
 
3.6.4. Conductor attenuation 
 
Maximum relative error (%)  and ranges of validity  
    
  
Thickness   Width Gap Frequency 
  
Txline 27,01 11,87 26,9 17,96 23,23 18,45 
HFSS 7,92 35,96 11,21 5,59 10,2 6,78 
Heinrich 7,11 5,68 8,12 7,29 12 4,53 
Week’s's -------------- --------------- ------------ ------------ 2,78 3,06 
Range for maximum 
error (0,5-30)um 
(30-
100)um 
(3-
100)um (2-50)um (0,5-3)GHz 
(3-
70)GHz 
 
Table 3.4 Maximum relative error and ranges of validity for the conductor 
losses. 
 
The thickness range is divided in two parts. In addition, table 3.4 shows the 
accuracy for a relatively low value of frequencies, down to 500 MHz. For 
frequencies below this value, worst accuracy values are obtained. That may be 
due to the approximate expressions for the skin effect. As we pointed out in 
chapter 2, the formulas give good results for ranges where frequencies are not 
so low compared to the dimensions of the line. Moreover, this table includes 
results of Weeks’ method, which shows good agreement along the whole 
spectrum. 
It has to be said that the error showed in table 3.4 is the worst case of each 
range. That means that one may find better results in terms of error. Appendix 
C shows the tabulated results and their associated error, for each value. 
It is worth noting that the lowest error is against Week’ss which are a method 
that has shown good agreement with measurements. 
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3.7. Conclusions 
 
In this chapter we have arrived to specific expressions for CPW, taking into 
account thickness and skin effect, as well as high frequency dispersion through 
empirical Frankel’s method. The ranges of validity are defined, and inside this 
ranges formulas are in good agreement with numerical methods and Heinrich 
closed form expressions. Moreover, formulas of this chapter have the 
advantage of being simpler than Heinrich expressions, while Heinrich method 
has a more extended range of validity. However, for typical electro-optic 
modulator structures, our validity ranges could be wide enough. Up to now, we 
got simple and accurate formulas for the calculation of the attenuation constant 
and the velocity matching parameter in CPW lines, for modulator applications. 
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CHAPTER 4. DESIGN RULES FOR ELECTRO-OPTICAL 
MODULATORS 
 
4.1.  Introduction 
 
Once the problem of finding proper expressions for the effective dielectric 
constant and the attenuation constant has been solved we are ready now to 
tackle the issue of optimization of design of electro-optical modulators. 
Specifically, from the values of the effective dielectric constant and the 
attenuation constant we will obtain the bandwidth modulator and the pi-voltage. 
 
Along our investigation, we realized that some examples of modulators found in 
the literature were suboptimally designed meaning that, for instance, for a 
required bandwidth and pi-voltage, an unnecessary low velocity matching (VM) 
condition was achieved when indeed the bandwidth to voltage trade-off was 
limited by a high losses value. We thought that in cases like that one should 
concentrate in what really is going to give an advantage in terms of bandwidth 
to voltage trade-off and that this could not always be to achieve a complete and 
total velocity matching. A study about the different possibilities of design, and 
which is the best depending on the interest of the designer was thus found 
worth the effort. 
 
Objectives 
 
To establish the steps of an electro-optical modulator design, starting with the 
required values of bandwidth and pi-voltage. We will make use of some curves 
in order to locate the modulator characteristics in one of the two zones defined: 
velocity matching zone (VM zone), and the low losses zone (LL zone). As we 
will see, each zone has their properties for improving bandwidth and pi-voltage.  
 
 
4.2. Optimization of the modulator. Limiting zones 
 
Once the modulator parameters are known (velocity matching and attenuation 
constant) , it is convenient to let the designer know what is the behavior of the 
modulator and how much room there is for improvement, in terms of both 
bandwidth and pi-voltage. For that purpose, the following operative margins are 
considered: 
 
Low losses (LL) zone: When losses are low as compared to the velocity 
matching (VM), expression (1.5) leads to the expression below: 
 
 
( )
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00
=→=
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   (4.1) 
 
That will be the case of modulators which have good enough conditions in 
terms of attenuation constant, while in terms of VM condition their design could 
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still be improved. It this zone, L (length of the modulator) goes with BW by 1/L. 
Hence, we can notice that: 
 
• If our modulator is placed in LL zone, and we are interested in improving 
BW, we need to improve the VM. Improving attenuation will not make a 
big difference in the results. 
• The trade off between bandwidth and pi-voltage is expressed as 
piVBW / (linear behavior). 
 
VM zone: Where VM is low enough and then losses dominate the BW 
expression: 
 
 
( ) 2
0
2
0
2
0
0 )(
545.0
)(
))exp(1(lim
0 L
BWfL
LffF
αα
α
α
=→
−−
=
→
   (4.2) 
   
 
That is the case of modulators which have good enough conditions in terms of 
VM, while in terms of losses their design could still be improved. It this zone, L 
(length of the modulator) goes with BW by 2/1 L . Hence, we can notice that: 
 
• If the BW wants to be increased, inside VM zone one needs to improve 
losses rather than VM. 
• The trade off between bandwidth and pi-voltage is expressed as 
2/ piVBW (non-linear behavior). 
 
 
4.3. Choosing the attenuation constant and velocity 
matching values 
 
By means of the modulation depth expression (1.5) the level curves of 
bandwidth against the attenuation constant and the velocity matching can be 
computed. The values are multiplied by the electrode length in order normalize 
the curves for any electrode length. It yields: 
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Fig 4.1 Attenuation constant- velocity matching curves. 0α in GHzmNepers /  
and µnnv −= 0 , for this plot. The value of each curve refers to bandwidth 
expressed in GHz. 
 
Figure 4.1 allows to know the different combinations of 0α and v  for a specific 
value of bandwidth required. Hence, the designer can choose the values of 
0α and v  depending on his requirements or limitations, being sure that such 
values are in compliance with the value of bandwidth needed. In addition, in 
figure 4.1 it is noticed that for each curve there exist two limiting values of 
0α and v  for which there is no significant improvements in bandwidth. According 
to the explanation in section 4.2, that values are indicative of the LL zone (in the 
case of the limiting values of 0α ) and the VM zone (for limiting values of v ). 
Such values can easily be approximated by linear functions. Hence, 
expressions for the limiting values can be obtained. In the case of the VM zone 
a v maximum can be defined, for a certain value of losses: 
 
• VM zone: 
 
5.0
6.0)log( 0
101
−
=
L
m L
v
α
    (4.3) 
 
Given a certain minimum value of electrode length (by the limitation of pi-
voltage), and a value of attenuation constant, expression (4.3) gives the 
maximum acceptable value of VM. For the same attenuation constant, values 
below mv  will not significantly increase bandwidth (VM zone, does not depend 
on v), and beyond mv  the bandwidth will more significantly decrease (out of VM 
zone). Expression (4.3) is useful for knowing how long one has to go in trying to 
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match velocities on account of the present losses constant, because improving 
VM any further will not contribute significantly to better performance. This is 
interesting because the accepted fact was that one always must go for a 
complete VM. This analysis is telling us that maybe it is not interesting to waste 
efforts and to reduce performance in other aspects (such as for example the 
load matching) when there is almost nothing to be gained. 
 
• LL zone: 
 
1)log(2.0
0 10
1
−
=
vL
m L
α
    (4.4) 
 
For a certain value of v expression (4.4) shows the maximum acceptable value 
of attenuation constant. Attenuation values below 
m0α imply almost zero 
improvement in bandwidth (LL zone, does not depend on 0α ), while values 
beyond 
m0α cause the modulator to get out of LL zone, so that the bandwidth 
will decrease. Similar to (4.3), expression (4.4) sets the value of attenuation 
constant for which it is not necessary to waste efforts in further reductions of 
losses. 
 
 
4.4. Example of design 
 
In order to demonstrate the validity of the expressions and plots, let us to show 
an example of modulator appeared in [23]. The parameters are the following: 
 
• cvnn /13.014.2,27.20 =→== ϖ       
  
•  GHzmdB /89.900 =α          (4.5)
  
• L=25mm          
 
With this values, and using expression (1.5) we arrive at a value of bandwidth 
BW=8.7GHz, result that agrees with the BW measured in the modulator. 
Now the values are going to be situated in curve of figure 4.1. It yields: 
 
 
48.2)log(
58.0)log( 0
−=
−=
vL
Lα
    (4.6) 
 
 
These values of v and 0α correspond to the VM zone, where upon it will be 
useless to try to improve VM. From the value of attenuation and using (4.3), the 
optimum VM value can be approximated as: 
 
   17.0=mv      (4.7) 
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With this new VM value, the bandwidth is now BW=8.3GHz, a 3% less. 
However, since we are working in the  in the VM zone, we know that greater 
improvements will come out of reducing losses, with the optimum value of v 
found in (4.7). As an example, let us consider a decrease in losses of 10 dB/m 
square root of frequency. The results are: 
 
 
GHzBW
mmL
GHzmdB
cv
10
25
/89.80
/17.0
0 =





=
=
=
α    (4.8) 
 
 
Comparing to the initial values we have improved BW by 17%, using a worse 
value of VM (more than 20% worse), and improving attenuation only by an 11%.  
 
Summarizing, we have improved an initial case of modulator in VM zone, 
keeping the same BW value without an unnecessary improvement of velocity 
matching.  
 
 
4.5. Pos-optimization based on the electrode length. 
 
Example 4.4 shows how to design electro-optic modulators, by choosing 
properly the attenuation constant and the VM value. However the characteristic 
impedance and many other limitations may not let us to achieve the required 
performance. In those cases, knowing the zone of operation of the modulator by 
using Fig 4.2, the electrode length may be modified to improve BW or pi-
voltage, without varying any other parameter. 
 
4.5.1.  Example 1- VM zone 
 
Going on with the previous example, in this case we will propose improvements 
in the BW and BW/pi-voltage ratio based on the electrode length. Remembering 
that example of section 4.4 that had got the following parameters: 
  
GHzBW
mmL
GHzmdB
cv
7.8
25
/89.90
/13.0
0 =





=
=
=
α    (4.9) 
 
Computing the values of bandwidth obtained by means of (4.1) and (4.2) 
against the electrode length we get the following plot: 
 
The normalization in figure 4.3 is done for the convergence of the approximation 
curves in x=0, y=0, since it means the same standard curve for any modulator 
whatever parameters it would has. As a result, any modulator can be placed 
into sight in the LL zone or VM zone independently of its parameters. The 
normalized value of L and BW is obtained by equaling (4.1) and (4.2). It yields 
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Fig 4.2 BW-L plot. In log-log scale. Modulator placed in VM zone. Normalized 
axes 
  
As the modulator is placed in the VM zone, according to the conditions 
commented (section 4.2) we can improve BW by lowering L.  For instance, if we 
want to increase BW up to 12 GHz, since the BW/L relation is quadratic, the 
ratio K required is: 
 
 
38.1
7,8
122
==
GHz
GHzK     (4.12) 
 
 
So by decreasing the electrode length a factor K  we will obtain a new value of 
L’ which is: 
 
mm
K
LL 28,21' ==     (4.13) 
 
Maintaining the same parameters except L (replaced by L’), we obtain  
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GHzBW
mmL
GHzmdB
cv
8.11
28.21
/89.90
/13.0
0 =





=
=
=
α   (4.14) 
 
 
(4.14) shows that BW has increased approximately a factor K²=1.38. The exact 
result is not achieved due to the fact that we are working with limiting 
expressions which are not totally exact. In this example the relative error in the 
BW is 1.7%. 
 
As a conclusion, we have increased the BW a factor K², and the BW/ piV ratio a 
factor K, while the pi-voltage has decreased a factor K. So this kind of 
optimization can be interesting for modulators which for whatever reason are 
placed in VM zone, and it is possible to highly increase BW by sacrificing a pi-
voltage increment. Therefore, the conditions for VM zone mentioned in section 
4.3 have thus been proved in a practical case. 
 
 
4.5.2.  Example 2- LL zone 
 
Considering a modulator structure mentioned in [3], with the following 
parameters: 
 
 
GHzBW
mmL
GHzmdB
cv
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28
/2.48
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0 =
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
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=
=
=
α   (4.14) 
 
 
It is near the LL zone: 
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Fig 4.3 BW-L normalized plot. Modulator nearly placed in LL zone. 
 
 
In this case, the designer may be interested in lowering the pi-voltage. As the 
modulator is placed close to the LL zone, the LL approximation can be applied. 
Therefore a K factor of modification on L means the same value K of 
modification on BW, as well. That is why LL zone is considered the linear zone.  
Assuming an initial value of piV =6V, if we want to reduce the voltage to 5V, it 
means a factor K=1.2. As a result the electrode length value should be: 
 
 
mmLL 6.332.1' ==     (4.15) 
 
Calculating the resulting BW with the new value of L: 
 
 
GHzBW
mmL
GHzmdB
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2
6.33
/2.48
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
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=
=
=
α  
 
  
So the BW has been reduced approximately a factor K, while the pi-voltage also 
has been reduced a K factor. Thus, the BW/ piV  ratio remains constant. 
 
As a conclusion we have shown the validity of the conditions mentioned in 
section 4.2 for the LL zone. 
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CONCLUSIONS AND FUTURE LINES OF 
INVESTIGATION 
 
As a result of this work we can confirm the following conclusions: 
 
• We have seen that there exists a Bandwidth to voltage trade-off in the 
optimum design of the electro-optic modulators. The parameters that 
determine this trade-off are mainly the velocity matching and the 
attenuation constant which depend on the propagation characteristics of 
the CPW transmission line that supports the electrodes. Therefore it is 
important to properly characterize this transmission structures to obtain 
simple and accurate closed-form expressions for obtaining the effective 
dielectric constant and the attenuation constant. 
• A scheme of the different methods for CPW analysis has been provided 
which classifies them according to their main characteristics advantages 
and drawbacks and the effects properly accounted for (skin effect, high-
frequency dispersion and conductor thickness). 
• Extensive comparisons with full wave results of the most relevant 
methods using commercial software HFSS have been presented for a 
broad variety of different configuration of parameters and frequencies. 
• The proper settings for correct simulation of CPW structures using 
HFSS have been determined and structured to ease and simplify future 
use (Appendix B). 
• The study of the different methods to calculate the transmission 
parameters of CPW has revealed that while for the calculation of the 
effective dielectric constant some of the methods studied yielded 
reasonable levels of agreement, in the case of the attenuation constant, 
the different methods seem to have considerable discrepancies, to the 
point of raising doubts as to which could be the best method to 
compare. A future line of investigation may focus on attenuation issues. 
• From the many proposals of closed-form expressions for the analysis of 
CPW, only Heinrich method shows good agreement with full wave 
results. 
• The theory of the conductor thickness incremental factor firstly applied 
to microstrip lines does not work for CPW. 
• From the many proposals of closed-form expressions for the analysis of 
CPW, only Heinrich method combined with Frankel empirical curve-fitted 
formulas to account for dispersion shows good agreement with full wave 
results. 
• New simple and accurate expressions have been developed for CPW 
with thickness and low-high frequency dispersion. Results agree with 
Heinrich method and full wave simulators. However, it would be 
interesting to improve the range of validity for very low frequencies. 
• Using the closed-form expressions we have given practical examples of 
modulators design using structures described in the technical literature. 
• Two different margins of operation have been defined: the LL zone and 
the VM zone, each one with its own properties. 
• Starting from certain values of attenuation constant and velocity 
matching the optimization for maximum bandwidth depends on which of 
these margins we are. In addition, approximated expressions for the 
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acceptable velocity matching for a given attenuation and length have 
been given, and similarly for the acceptable attenuation constant. If we 
are in the VM zone, we can assume that the velocities are already 
sufficiently matched and therefore we should better go for reducing 
losses in order to optimize the design. 
• If we are in the LL zone, we can say that the attenuation constant is 
already sufficiently matched and we should better go for reducing the 
velocity matching for improving the bandwidth. 
• Also the electrode length has been demonstrated a very important 
variable in order to improve bandwidth or pi-voltage, depending on which 
zone the modulator is placed. 
• As future work we envision it would be interesting to extensively apply 
the formulas identified in this work to a wider variety of electro-optic 
modulators configurations, so to identify optimal sets of parameters 
suited to each application and to prove the results experimentally. 
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APPENDIX A 
 
Mach Zehnder travelling wave modulator analysis 
 
In this appendix the expressions of chapter 1 are developed. Specifically, the 
output power and the induced phase shift expressions will be showed, as well 
as the modulation depth and pi-voltage formulas. 
 
 
A.1 Output power 
 
Figure A.1 shows the Mach Zehnder configuration. The input and output electric 
fields due to the optical signals are represented. Making use of this figure, we 
will develop the formula for the output power. 
 
 
Vin
Ein Eout
 
 
Fig A.1 Amplitude modulator 
 
 
The variables established are: 
• Vin: External control voltage in order to modulate the optical signal. 
• Ein, Eout: Input and output optic fields, respectively. 
• Vc: Voltage between electrodes necessary to produce a π rad phase 
shift in the optical signal. 
 
Figure A.1 assumes a push-pull configuration, it means opposite electric field 
polarity between the two paths. Thus, the output field is the contribution of the 
input field in each path whose phase depends on the voltage signal: 
 
 






=+=
−
pi
pipi
Vc
VinEineEineEinEout Vc
Vinj
Vc
Vinj
cos
22
   (A.1) 
 
In terms of power, expression (A.1) is redefined as follows: 
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It is observable in expression (A.2) that when applying an input voltage 
Vin=Vc/2 , the total output power will be null. A definition of a voltage named 
half-wave voltage, piV =Vc/2 is commonly used and described as the voltage 
necessary for generate a 180º phase difference between paths, and, as a 
result, the extinction of the output signal. Expression (A.3) is finally the generic 
formula for a push-pull  Mach Zehnder modulator: 
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

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

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

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
+= pi
piV
VinPinPout cos1
2
    (A.3) 
 
 
A.2 Expression for the induced phase in a travelling wave 
modulator 
 
In this part we demonstrate the phase modulation imposed by a modulator by 
using the fields distribution in the line.  
 
Considering a travelling wave modulator with an optical distribution field 
propagating along z-axis: 
))exp(),0(),(),,,( zjktzqryxFtzyxE opopopopop −==
→
 (A.4) 
 
The optical E field is divided into the transversal ),( yxFop function- or spatial field 
component in x, y axis- and the envelope opq  depending on z axis and time -t-. 
The opr
→
 vector is the unitary vector of the polarization wave. 
 
In addition, an electrical field is considered as follows: 
 
µµµµ
→
= rtzAyxFtzyxE ),(),(),,,(
   (A.5) 
 
Where the field is considered as a the scalar product of the spatial field ),( yxFµ  
and the field along z- axis ),( tzAµ , with a polarization vector represented by µ
→
r . 
As ),( tzAµ  just considers z- axis, it can be expressed in relation to the voltage 
along the transmission line, as follows: 
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∫
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−=
C
ldrtzAtzV µµ ),(),(     (A.6) 
 
Where the integrating variable C is the path between electrodes. A typical 
approximation is that voltage increases linearly with the electrode gap, that 
means: 
 
G
tzV
tzA ),(),( =µ     (A.7) 
 
The interaction between optical and electrical wave can be considered as a 
wave mixing process of second order that follows the relationship written below: 
 
zjk
opop
op
op
opop
opetzAtzqyxFyxF
cn
jtzq
z
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∂
∂ ),(),(),(),(
2
),(),(
)2(
µµ
ωχ (A.8) 
 
Where )2(χ is the relevant value of the nonlinear coefficient which is related to 
the Pockel’s coefficient as follows: 
 
4
0
)2(
33
2
opn
r
ε
χ
≈      (A.9) 
 
Expression (A.8) is transformed using that the total power of the optical guide is 
given by: 
 
∫
∞
∞−
= dxdyyxFI opop
2),(     (A.10) 
 
Multiplying by ),(* yxFop and integrating over the transverse x-y coordinates, 
expression (A.8) is now: 
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Where appears the term Γ, which is known as the overlap integral, expressed 
as: 
 
 
∫∫
∞
∞−
=Γ dxdyyxFyxF
I opop
2),(),(1 µ    (A.13) 
 
The overlap integral can be considered as a parameter that evaluates the 
matching factor between the optical and electrical fields, in terms of materials 
polarization.  A low value of Γ implies that optical and electrical fields are almost 
not interacting. 
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Going on with the demonstration, the optical envelope wave is considered 
below: 
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Applying (A.7) and considering the phase term of (A.14): 
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Expressions (A.14) and (A.15) show that due to the electro-optical effect it 
appears a phase modulation on the optical wave –exponential term- that can be 
controlled by the external voltage. 
 
 
A.3 Modulation depth 
 
Starting with equation (A.15) we will arrive to the modulation depth expression.  
First of all, we redefine the new variable +γ : 
 
optjkn−=+ γγ      (A.16) 
 
Where mjkn+= αγ . Substituting (A.16) in (A.15) it is obtained: 
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Now we can define the modulation depth as the expression below: 
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As a result, expression (A.17) is finally expressed as follows: 
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For expression (A.18) and (A.19) complete impedances matching between 
external source and the line is assumed, if not, the modulation depth expression 
reads more difficult. 
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A.4 Pi-voltage 
 
For obtaining the pi-voltage expression, equation (A.19) must be equaled to π. 
As a result, we will obtain the voltage needed at source to obtain a 180º phase 
shift, which means a null output power.  
 
 
Adapting 
net
Vc
 
 
Fig A.2 Transmission line equivalent system 
Looking at figure A.2 and considering an ideal matching net without losses, the 
power at input will be equal at output. We notice that 
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Equaling (A.19) to π, and substituting (A.20) in (A.19), then: 
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)( fVspi  depends on the frequency and is the voltage generated by the source for 
obtaining pi=∆Φ . For the 3 dB bandwidth one obtains 
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APPENDIX B 
 
Simulating CPW on HFSS 
 
A great part of efforts in this work have been devoted to properly simulate a 
CPW in HFSS. We then thought necessary to share the knowledge gained in 
this field in order to save time and mistakes in future works requiring CPW 
simulations over HFSS. There exist several manners to simulate CPW on 
HFSS. In this appendix we will present the steps for simulation of CPW which 
have proved useful along this work. 
 
B.1.   Structure 
 
The first step is to introduce the structure dimensions. When the structure 
dimensions are defined, it has be taken into account that the whole line must be 
shielded in a certain material, typically air. In order to accomplish such 
condition, a box which contains the structure can be plotted. As a result, the 
structure must look like figure B.1 
 
 
 
Fig B.1 Typical CPW structure in HFSS 
 
Every CPW geometry has an attached material (assign material icon). Several 
materials are predefined. In our case, as lithium niobate substrate was not 
available, a new material has to be defined with its properties. 
If various dimensions of CPW want to be tested, it is very useful to define the 
variables (Project variables icon), in order to swap the geometry quicker.  
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In figure B.1 there is a rectangle named as wave port. In HFSS wave ports are 
the way to generate the solution for the CPW structure. HFSS assumes that 
each wave port you define is connected to a semi-infinitely long waveguide that 
has the same cross-section and material properties as the port. When solving 
for the S-parameters, HFSS assumes that the structure is excited by the natural 
field modes associated with these cross-sections. The 2D field solutions 
generated for each wave port serve as boundary conditions at those ports for 
the 3D problem. The final field solution computed must match the 2D field 
pattern at each port. In CPW models, it is helpful to make use of the following 
hints [20]: 
 
• Port width should be no less than 3 x the overall CPW width, or 
3x(2g+w). 
• Port height should be no less than 4 x the dielectric height, or 4h. 
 
 
 
Fig B.2  Wave port conditions in HFSS. 
 
• The wave port should be centered horizontally on the CPW trace. 
• The wave port outline must contact the side grounds. 
• The wave port size should not exceed λ/2 in any dimension, to avoid 
permitting a rectangular waveguide modal excitation. 
 
B.2  Simulation 
 
Various considerations are needed before starting the simulation: 
 
B 2.1  Analysis 
 
In the analysis icon the frequency solution must be defined. HFSS is a 3-D 
simulator based on the FEM, so that the structure is necessary meshed. The 
accuracy of this mesh can vary: if the mesh is very thin, the result will be also 
accurate, but the simulation time will significantly increase. In order to save 
time, just a meshing of the wave port is available if Solve Ports Only icon is 
activated. Also lambda refinements are possible if results are not at all exacts. 
When some frequencies want to be evaluated, in the icon Add Sweep we can 
add several frequencies. 
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Moreover, for evaluating results with varying dimensions, in the optimetrics icon 
we can add a set of values of any variable. 
 
B 2.2  Modes of propagation 
 
When a wave port is added, as well as the conditions commented in section 
B.1, we must define the method of calculating the impedance. Each port in any 
structure being analyzed can be viewed as a cross-section of a transmission 
line. HFSS computes the characteristic impedance of each port in three ways - 
as Zpi, Zpv, and Zvi impedances-. For moderately high frequencies, every 
mode typically converges. In our simulations we have used the Zpi mode, as at 
our frequency ranges (1 Ghz to 70 GHz) we did not notice strong differences 
between modes. 
In addition, it is important to define several modes in each port. By default, 
HFSS considers the dominant mode as that with s fewer losses. That is why in 
CPW analysis the TEM mode dominates up to a certain high frequency value. 
This frequency is usually considered as [13] 
 
14 −
=
r
TE h
cf
ε
     (B.1) 
 
Where TEf is considered as the cut-off frequency of the higher other mode in 
CPW. 
Up to this frequency, the TEM mode will not appear as the first one, and we 
should add as modes as necessary until the TEM mode appears. 
 
 
 
 
 
Fig B.3 Example 1 of higher other mode in CPW. 
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Fig B.4 Example 2 of higher other mode in CPW. 
 
 
Figures B.3 and B.4 shows different non-desired modes that appear in the CPW 
when more than one mode is solved. As increasing frequency, more modes 
must be simulated for achieving the TEM results. 
 
 
 
Fig B.5 Example of TEM mode in CPW. 
 
 
B 2.3  Results 
 
In the Solution Data icon there are the solutions for every mode, in terms of 
several parameters (S matrix, Y matrix, Zo, propagation constant, etc). In our 
case, we get the results in terms of effective dielectric constant, characteristic 
impedance and attenuation constant. If a frequency sweep is added, solutions 
for each frequency will also appear. In addition, if any dimension sweep is 
added, results for each value (consequently for each geometry) will appear. 
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APPENDIX C 
 
NEW EXPRESSIONS  
 
This appendix develops the expressions commented in chapter 3. Specifically it 
is centered in the two main methods: Conformal mapping and the Incremental 
inductance rule. In addition, all the comparisons are included with their attached 
relative error results, in this case in tables.  
 
C.1 Conformal mapping analysis. Expression for the line 
capacitance 
 
Fig C.1 shows the 2-D plot of CPW with the parameters available for the 
analysis.  The following conditions are supposed: 
 
• Quasi-TEM assumption. 
• t=0 
 
First of all, a CPW shielded between two conductors is considered. This is the 
initial structure for the analysis. For CPW case, the height of the walls is infinite 
(we consider the CPW in air medium). 
 
 
 
 
Fig C.1 Shielded CPW. 
 
In conformal mapping method, we calculate the capacitance as a sum of partial 
capacitances due to the fields in the line. Fig C.2 shows the capacitance to be 
found: 
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C0 C0
C1 C1
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x
 
Fig C.2 Equivalent capacitances in the line. 
 
 
The total capacitance is the parallel composition of the whole capacitances: 
 
 
10 24 CCCCPW +=     (C.1) 
 
 
0C  is the capacitance due to the interaction between conductor and air, while 
1C  is the capacitance due to the conductor and substrate. 
 
The overall idea of the conformal mapping analysis is to convert the field lines 
of the 2-D view in a straight field lines scheme and then arrive at the final result 
by means of the partial capacitance method. 
In order to obtain the final expressions conformal mapping uses two 
transformations. In the case of CPW, we consider a different case for each 
capacitance: 
 
-Case A. Air Capacitance ( 0C ). 
-Case B: C1. Dielectric capacitance ( 1C ). 
 
Expression C.2 provides the first transformation 
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2
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ih
z
t
pi
=  Where i=1 for case A and i=2 for case B. (C.2) 
 
And finally by using the Christoffel-Schwartz transformation [16] we have an 
equivalent capacitance: 
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Where the values of k are: 
 
 
 
 (C.4) 
 
 
  
  
   
 
 
0C  (case A) and 1C  (case B) are calculated by means of the two conformal 
mapping transformations previously explained. 
 
• Case A: 
 
 Values of t: 
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Substituting the values of t in k, we obtain: 
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As we previously mentioned, CPW is in air, so h1 =∞ : 
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Result of k also concluded in Gupta analysis as well as many other publications.  
Finally, applying the capacitance formula (C.3) we arrive at: 
 
 
 )'(
)(
0
0
00 kK
kKC ε=     (C.8)
       
 
  







−
−
−
−
=
Bcase
tt
tt
Acase
t
t
k
21
21
1
2
)1(
)1(
1
1
 - 73 -  
 
• Case B: 
 
 Values of t: 
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 Values of k: 
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 And the equivalent capacitance is: 
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 As a result, applying (C.1), we get the total capacitance of CPW: 
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C.2    New conductor thickness correction 
 
If we look at fig C.6, we are able to define a new capacitance Ct as a result of t 
increment  
 
 
Ct Ct
t
G W
 
 
Fig C.6 CPW thick conductors  
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The figure considers uniform fields between strips. That approximation led us to 
include a new value of capacitance, tC , which can be treated as a conventional 
parallel-plate capacitor, whose value will be as follows: 
 
G
tC rt εε 0=      (C.13) 
 
The strips are considered to be in air medium, rε =1. So that tC  is added in the 
air capacitance expression. 
 
The new expression for the air capacitance is then: 
 
tair CCC 24 0 +=     (C.14) 
 
Substituting values, we arrive at the following expression for Cair: 
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In the same way, for the CPW total capacitance we obtain: 
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Once the total capacitance is known, the conductance can be directly obtained 
by means of (3.9), as it is explained in chapter 3. 
 
C.3   Incremental inductance rule 
 
In transmission lines structure we consider the total inductance as a sum of two 
inductances: 
 
- airL : It is the inductance related to the magnetic field outside the conductors. 
Since in our case the materials are non-magnetic, the CPW is considered to be 
in air medium, we named the inductance airL , but in many texts they refer to it as 
the external inductance.  
 
- intL : It is the inductance that considers the energy stored inside the conductors 
due to the skin effect.  
 
The total inductance is then: 
 
 
intLLL air +=     (C.17) 
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The expression for the inductance in the space is related with the air 
capacitance as: 
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air Cc
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    (C.18) 
 
 
Using (C.15) we obtain: 
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The incremental inductance rule gives an expression for intL  based on the 
infinitesimal increments of the external inductance due to the penetration depth, 
which is reflected in the following expression: 
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Where: 
- z refers to each dimension of the conductor.  
- CPW line exposed in air: µ = 0µ  
- δ is the penetration depth, defined by: 
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Developing expression (C.20) for a CPW, it yields: 
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Arriving to a closed form of Lair requires writing the partial derivates of Lair in 
each dimension. The problem is that Lair depends on Cair, and the last one 
depends on the elliptic functions )'(
)(
kK
kK
. The problem has been solved by 
approximating the elliptic integral by the following way [18]: 
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Where 21 kkp −= . 
The assumption has been proved to be in good agreement with Matlab 
numerical process (ellipke function). 
 
Now one is allowed to obtain an expression for the internal inductance. The 
analysis is a straightforward task based on derivates of composite functions. 
The new resulting expression is showed below: 
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Where the terms A and B are the partial derivates of the elliptic integral function, 
respect to G and W. Hence: 
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As a result, it yields: 
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Where: 
 
 
 
 (C.29) 
 
 (C.30) 
 
 
C.4 Results and comparisons 
 
This part will show the results in terms of tables, instead of plots, like in the part 
3.4 of the memory. Furthermore, each table shows relative errors of our 
expression against the other three for each value and in the case of the 
conductor attenuation a further comparison for 70GHz has been included. 
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C.4.1 Effective dielectric constant 
 
Variable: Conductor thickness 
Effective dielectric constant-thickness Relative error (%)   
t (um) Txline Heinrich HFSS This work Txline HFSS Heinrich 
0,50 19,30 17,12 19,13 18,40 4,66 3,82 -7,50 
1,00 18,20 16,58 18,22 17,90 1,64 1,77 -7,94 
1,50 17,39 16,12 17,48 17,42 -0,19 0,34 -8,10 
1,80 16,99 15,86 17,20 17,15 -0,95 0,28 -8,15 
2,00 16,71 15,69 17,01 16,97 -1,56 0,23 -8,16 
3,00 15,60 14,93 16,20 16,15 -3,50 0,36 -8,12 
4,00 14,82 14,26 15,51 15,40 -3,91 0,74 -7,96 
5,00 13,98 13,66 14,81 14,72 -5,33 0,56 -7,77 
7,00 12,73 12,61 13,63 13,54 -6,40 0,65 -7,42 
10,00 11,40 11,32 12,24 12,11 -6,23 1,00 -6,98 
15,00 9,79 9,71 10,52 10,34 -5,64 1,69 -6,43 
20,00 8,62 8,54 9,25 9,06 -5,08 2,14 -6,04 
30,00 7,02 6,94 7,55 7,32 -4,28 3,06 -5,51 
50,00 5,25 5,17 5,59 5,42 -3,24 2,96 -4,93 
100,00 3,47 3,39 3,64 3,54 -1,86 2,86 -4,36 
200,00 2,37 2,29 2,40 2,38 -0,49 0,82 -4,02 
 
Table C.1  Effective dielectric constant as function of the conductor thickness. 
Technical values: W=9um, G=15um, h=500um, Dielectric constant =34,7. 
Conductor material: Gold, Frequency= 5GHz. 
 
 
Variable: Conductor width 
 
Table C.2  Effective dielectric constant as function of the conductor width. 
Technical values: G=15um, h=1000um, t=1um. Dielectric constant =34,7. 
Conductor material: Gold, Frequency= 5GHz. 
 
 
 
 
 
 
 
 
Effective dielectric constant-
conductor width   Relative error ( %)  
Width(um) Txline Heinrich HFSS This work Txline  Heinrich HFSS 
3 16,53 16,74 16,95 17,23 -4,27 -2,97 -1,65 
4 16,72 16,99 16,89 17,24 -3,13 -1,44 -2,07 
5 16,81 17,13 16,92 17,25 -2,64 -0,72 -1,98 
7 16,96 17,13 16,99 17,28 -1,89 -0,87 -1,70 
10 17,08 17,25 17,13 17,31 -1,37 -0,39 -1,09 
15 17,12 17,36 17,22 17,36 -1,42 -0,01 -0,82 
20 17,13 17,42 17,31 17,39 -1,54 0,17 -0,50 
30 17,13 17,49 17,31 17,44 -1,81 0,34 -0,71 
50 17,08 17,57 17,41 17,48 -2,37 0,46 -0,42 
100 17,20 17,63 17,49 17,54 -1,93 0,54 -0,26 
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Variable: Gap between conductors 
 
Table C.3 Effective dielectric constant as function of the conductor gap. 
Technical values: W=9um, h=1000um, t=1um, Dielectric constant =34,7. 
Conductor material: Gold, Frequency= 5GHz. 
 
 
Dispersion results 
 
Effective dielectric constant-Frequency     Relative error (%)   
Frequency 
(GHz) Txline HFSS  
Conformal 
mapping Heinrich 
This 
work Txline  HFSS  Heinrich  
0,5 24,22 21,73 16,89 19,26 20,07 17,12 7,61 -4,21 
0,7 22,06 20,97 16,89 18,93 19,58 11,23 6,64 -3,44 
1 20,55 20,29 16,89 18,63 19,14 6,84 5,67 -2,75 
3 18,32 18,76 16,89 17,94 18,19 0,71 3,06 -1,38 
5 17,82 18,27 16,89 17,70 17,90 -0,43 2,03 -1,10 
7 17,57 18,00 16,89 17,57 17,74 -0,96 1,43 -1,00 
10 17,36 17,75 16,89 17,44 17,60 -1,38 0,84 -0,96 
30 16,92 17,38 16,90 17,12 17,31 -2,34 0,38 -1,15 
50 16,78 17,22 16,92 17,01 17,24 -2,73 -0,13 -1,35 
70 16,71 17,12 16,94 16,96 17,21 -3,03 -0,52 -1,49 
100 16,64 17,02 16,99 16,94 17,22 -3,46 -1,16 -1,64 
300 16,50 18,10 17,63 17,42 17,75 -7,57 1,92 -1,90 
500 16,46 19,20 18,64 18,39 18,73 -13,77 2,46 -1,83 
700 16,44 20,30 19,85 19,60 19,93 -21,23 1,83 -1,67 
1000 16,42 22,05 21,80 21,56 21,86 -33,14 0,86 -1,39 
 
Table C.4 Effective dielectric constant as function of frequency. 
Technical values: W=9um, G=15 um, h=500um, t=1um, Dielectric constant 
=34,7. Conductor material: Gold. 
 
 
 
 
 
 
 
 
Effective dielectric constant-Conductors Gap  Relative error (%)  
Gap(um) Txline HFSS Heinrich This work Txline HFSS Heinrich 
2 16,11 16,31 16,75 15,85 1,62 2,84 5,38 
3 16,24 16,32 16,81 16,25 -0,05 0,43 3,34 
4 16,47 16,61 16,89 16,50 -0,20 0,65 2,28 
5 16,56 16,50 16,95 16,68 -0,73 -1,10 1,60 
7 16,74 16,86 17,04 16,91 -1,00 -0,26 0,75 
10 16,89 17,04 17,12 17,11 -1,30 -0,44 0,06 
20 17,13 17,21 17,27 17,41 -1,65 -1,19 -0,82 
30 17,23 17,42 17,34 17,54 -1,81 -0,70 -1,14 
50 17,32 17,46 17,42 17,66 -1,94 -1,11 -1,38 
100 17,41 18,01 17,49 17,75 -1,97 1,45 -1,49 
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C.4.2 Characteristic impedance 
 
Variable: Conductor thickness 
Characteristic impedance-thickness   Relative error (%)   
t(um) Txline HFFS Heinrich This work Txline Heinrich HFSS 
0,10 42,54 41,90 41,52 40,76 4,19 1,84 2,71 
0,20 41,69 41,92 41,04 40,63 2,53 1,00 3,08 
0,50 40,82 41,61 40,34 40,25 1,40 0,22 3,26 
1,00 39,91 39,62 39,56 39,63 0,69 -0,20 -0,03 
1,50 39,26 39,62 38,89 39,04 0,55 -0,39 1,46 
1,80 38,89 39,27 38,51 38,70 0,50 -0,49 1,46 
2,00 38,70 38,95 38,27 38,48 0,58 -0,55 1,22 
3,00 37,73 37,63 37,12 37,41 0,85 -0,78 0,59 
4,00 36,70 35,44 36,10 36,42 0,75 -0,89 -2,76 
5,00 35,97 35,76 35,17 35,50 1,31 -0,93 0,71 
7,00 34,53 34,30 33,54 33,84 2,00 -0,90 1,34 
10,00 32,44 31,26 31,47 31,70 2,28 -0,74 -1,41 
15,00 29,53 41,40 28,69 28,83 2,34 -0,49 30,35 
20,00 27,26 6,46 26,49 26,57 2,53 -0,29 -311,19 
30,00 23,80 6,15 23,16 23,17 2,67 -0,03 -276,55 
50,00 19,34 5,63 18,85 18,80 2,81 0,26 -234,18 
100,00 13,65 4,69 13,35 13,27 2,77 0,55 -182,89 
200,00 8,92 23,37 8,76 8,70 2,51 0,73 62,78 
 
Table C.5 Characteristic impedance as function of conductor thickness. 
Technical values: W=9um, G=15um, h=1000um. Frequency=20GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
Variable: Conductor width 
Characteristic impedance-width     Relative error (%)   
Width(um) Txline HFSS Heinrich This work Txline Heinrich HFSS 
3 52,36 48,72 51,69 52,49 -0,25 -1,55 -7,74 
4 48,90 45,38 48,40 48,92 -0,03 -1,08 -7,81 
5 46,31 43,30 45,87 46,23 0,19 -0,79 -6,75 
7 42,47 37,95 42,13 42,32 0,37 -0,44 -11,51 
10 38,60 36,04 38,33 38,40 0,52 -0,18 -6,54 
15 34,56 32,40 34,27 34,26 0,86 0,02 -5,75 
20 31,91 29,77 31,60 31,57 1,08 0,12 -6,05 
30 28,51 25,66 28,17 28,12 1,39 0,20 -9,58 
50 24,83 22,68 24,43 24,37 1,87 0,26 -7,44 
100,00 20,64 18,70 20,33 20,28 1,74 0,25 -8,44 
 
Table C.6 Characteristic impedance as function of conductor width. Technical 
values: G=15 um, h=1000um, t=1um, Dielectric constant =34,7. Conductor 
material: Gold. Frequency=30GHz. 
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Variable: Conductor gap 
Characteristic impedance-Gap   Relative error (%)   
Gap(um) Txline HFSS Heinrich This work Txline Heinrich HFFS 
2 21,98 20,01 21,76 21,10 3,97 3,01 -5,49 
3 24,75 22,51 24,45 23,98 3,10 1,92 -6,56 
4 26,88 24,28 26,62 26,27 2,27 1,32 -8,22 
5 28,76 24,87 28,47 28,20 1,95 0,93 -13,38 
7 31,79 27,57 31,50 31,35 1,37 0,46 -13,72 
10 35,33 32,27 35,03 35,01 0,92 0,07 -8,47 
20 43,05 38,21 42,76 42,94 0,25 -0,42 -12,39 
30 47,99 44,46 47,71 47,99 0,00 -0,60 -7,95 
50 54,55 48,34 54,26 54,67 -0,23 -0,76 -13,11 
100 63,83 59,01 63,56 64,12 -0,45 -0,89 -8,66 
 
Table C.7 Characteristic impedance as function of conductor gap. 
Technical values: W=9 um, h=1000um, t=1um, Dielectric constant =34,7. 
Conductor material: Gold. Frequency=30GHz. 
 
Variable: Frequency 
Characteristic impedance-Frequency   Relative error (%)     
Frequency(GHz) txline HFSS Heinrich This work Txline HFSS Heinrich 
0,5 40,16 37,59 37,58 37,97 5,46 -0,99 -1,02 
0,7 39,28 36,92 37,34 37,52 4,46 -1,65 -0,49 
1 38,56 36,28 37,10 37,13 3,72 -2,34 -0,07 
3 37,15 34,81 36,32 36,25 2,42 -4,14 0,19 
5 36,72 34,33 35,95 35,98 2,02 -4,81 -0,09 
7 36,49 34,06 35,72 35,83 1,80 -5,19 -0,30 
10 36,28 33,82 35,51 35,70 1,61 -5,55 -0,53 
30 35,84 33,22 35,02 35,41 1,18 -6,60 -1,12 
50 35,70 33,03 34,86 35,32 1,05 -6,96 -1,33 
70 35,63 32,91 34,78 35,28 0,98 -7,20 -1,44 
 
Table C.8 Characteristic impedance as function of frequency. 
Technical values: W=9 um, G=15um, h=1000um, t=5um, Dielectric 
constant=34,7. Conductor material: Gold. 
 
C.4.3 Dielectric attenuation 
 
Dielectric attenuation. Structure 1. 
 
Dielectric attenuation-Frequency (dB/ cm). Structure 1 Relative error (%)   
Frequency(GHz) txline HFSS Heinrich This work Txline HFSS Heinrich 
0,5 0,008 0,008 0,009 0,009 -13,82 10,23 -1,08 
0,7 0,011 0,011 0,012 0,012 -12,50 9,67 -0,55 
1 0,015 0,016 0,017 0,017 -11,32 8,20 -0,15 
3 0,046 0,047 0,050 0,050 -8,69 5,98 0,11 
5 0,077 0,079 0,083 0,083 -7,87 5,27 -0,16 
7 0,108 0,111 0,116 0,116 -7,43 4,88 -0,38 
10 0,155 0,158 0,164 0,165 -7,03 4,53 -0,61 
30 0,464 0,475 0,487 0,493 -6,17 3,56 -1,20 
50 0,773 0,790 0,807 0,819 -5,91 3,52 -1,41 
70 1,082 1,119 1,128 1,145 -5,77 2,25 -1,52 
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Table C.9 Dielectric attenuation as function of frequency. 
Technical values: W=9 um, G=15um, h=500um, t=5um, Substrate: LiNb 3O   
Conductor material: Gold. 
 
Dielectric attenuation. Structure 2. 
 
Dielectric attenuation-Frequency 
(dB/cm).Structure    
Relative error 
(%)   
Frequency(GHz) Txline HFSS Heinrich This work Txline HFSS Heinrich 
0,5 0,01 0,01 0,01 0,01 -8,98 9,57 3,95 
0,7 0,01 0,01 0,01 0,01 -7,97 15,32 3,46 
1 0,02 0,02 0,02 0,02 -7,03 14,18 3,04 
3 0,05 0,05 0,06 0,06 -4,89 11,59 1,87 
5 0,09 0,08 0,09 0,09 -4,22 10,74 1,42 
7 0,12 0,12 0,13 0,13 -3,83 10,22 1,17 
10 0,18 0,17 0,19 0,18 -3,50 9,71 0,92 
30 0,53 0,58 0,55 0,55 -2,76 -5,18 0,34 
50 0,89 0,87 0,92 0,91 -2,53 5,10 0,13 
70 1,25 1,35 1,28 1,28 -2,41 -5,17 0,01 
 
Table C.10 Dielectric attenuation as function of frequency. 
Technical values: W=30 um, G=10um, h=700um, t=1um, Substrate: LiNb 3O . 
Conductor material: Gold. 
 
 
C.4.4 Conductor losses 
 
By curve fitting results in Weeks’ results we have approximated a formula for 
conductor losses that fits in a certain range with the methods here compared. 
 
 
(C.31) 
 
(C.32)  
 
As well as the comparisons in the body of the TFC for 5GHz, 70GHz results are 
also here showed. 
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Conductor attenuation as a function of frequency  
 
Table C.11Conductor attenuation as function of frequency. 
Technical values: W=9 um, G=15um, h=500um, t=5um, Substrate: LiNb 3O . 
Conductor material: Gold. 
 
Variable: thickness (5 GHz) 
Conductor attenuation per unit length (dB/cm)- 5GHz- Relative error (%)   
Thickness (um) Txline HFSS Heinrich This work Txline HFSS Heinrich 
0,5 5,56 6,81 6,18 5,30 4,86 -28,45 -14,22 
1 2,87 3,84 3,70 3,59 -19,99 -7,13 -3,19 
2 1,65 2,41 2,41 2,55 -35,44 5,70 6,07 
3 1,49 1,89 1,98 1,75 -15,01 -7,59 -11,63 
4 1,40 1,72 1,80 1,69 -16,88 -1,90 -6,27 
5 1,32 1,61 1,69 1,62 -18,45 0,91 -3,71 
7 1,19 1,45 1,54 1,52 -21,51 4,59 -1,58 
10 1,09 1,30 1,40 1,39 -21,48 6,59 -1,02 
15 1,01 1,14 1,25 1,23 -17,50 6,96 -1,76 
20 0,94 1,03 1,14 1,11 -15,83 7,92 -2,54 
30 0,84 0,82 0,99 0,96 -11,87 14,65 -3,60 
50 0,73 0,62 0,82 0,78 -7,42 21,27 -4,74 
100 0,59 0,40 0,64 0,60 -2,39 33,89 -5,63 
200 0,48 0,31 0,51 0,48 0,85 35,96 -5,86 
 
Table C.12 Conductor attenuation as function of conductor thickness. 
Technical values: W=9um, G=15um, h=500um. Frequency=5GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
 
 
 
 
 
 
 
 
 
 
Conductor atennuation-frequency     
Relative error 
(%)     
Frequency 
(GHz) Txline HFSS Heinrich 
Week’s's 
method 
This 
work Txline HFSS Heinrich 
Week's 
method 
0,5 0,59 0,75 0,74 0,66 0,68 13,90 9,23 8,27 2,78 
0,7 0,60 0,8 0,82 0,72 0,72 16,58 10,20 11,98 -0,36 
1 0,61 0,86 0,90 0,80 0,80 23,23 7,53 12,00 -0,09 
3 1,01 1,35 1,33 1,24 1,27 19,93 6,17 4,53 1,81 
5 1,32 1,73 1,69 1,61 1,62 18,45 6,10 3,61 0,68 
7 1,58 2,06 1,99 1,92 1,92 17,86 6,78 3,59 -0,10 
10 1,90 2,47 2,39 2,30 2,30 17,45 7,02 3,74 -0,30 
30 3,32 4,11 4,18 3,92 4,00 16,80 2,78 4,34 1,87 
50 4,31 5,32 5,42 5,28 5,17 16,65 2,83 4,56 -2,08 
70 5,11 6,35 6,42 5,94 6,12 16,58 3,57 4,67 3,06 
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Variable: Width (5 GHz) 
 
Table C.13 Conductor attenuation as function of conductor width. 
Technical values: t=5um, G=15um, h=500um. Frequency=5GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
 
Variable: Gap (5 GHz) 
Conductor attenuation-Width (5GHz)   Relative error (%)   
Gap (um) Txline Heinrich HFSS This work Txline Heinrich HFSS 
2 4,47 5,56 5,02 5,32 16,04 4,33 5,59 
3 3,46 4,36 4,15 4,11 15,74 5,71 -1,02 
4 2,86 3,66 3,40 3,43 16,75 6,21 1,00 
5 2,49 3,20 2,94 3,00 16,87 6,28 1,93 
7 2,01 2,61 2,43 2,46 18,17 5,71 1,21 
10 1,65 2,11 2,04 2,01 17,96 4,65 -1,59 
20 1,15 1,46 1,43 1,41 17,88 3,58 -1,72 
30 0,96 1,21 1,15 1,16 16,95 4,45 0,83 
50 0,79 1,00 0,98 0,92 14,71 7,29 -5,56 
100 0,63 0,81 0,78 0,70 9,77 13,22 -11,71 
 
Table C.14 Conductor attenuation as function of conductor gap. 
Technical values: W=9um, t=9um, h=500um. Frequency=5GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Conductor attenuation (dB/cm)  
Width (5GHz)     Relative error (%)   
Width(um) Txline Heinrich HFSS This work Txline Heinrich HFSS 
3 1,65 2,28 2,24 2,25 26,90 1,44 0,61 
4 1,52 2,06 2,07 2,05 25,94 0,22 -0,73 
5 1,44 1,93 1,92 1,92 24,78 0,78 0,14 
7 1,31 1,78 1,75 1,74 24,58 2,45 -0,54 
10 1,21 1,65 1,59 1,58 23,22 4,18 -0,40 
15 1,18 1,51 1,38 1,42 16,86 5,64 2,97 
20 1,13 1,41 1,26 1,32 14,77 6,37 5,15 
30 1,04 1,29 1,11 1,20 13,66 7,10 7,42 
50 0,93 1,16 1,00 1,07 12,61 7,79 6,55 
100 0,84 1,00 0,82 0,92 9,16 8,12 11,21 
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Variable: thickness (70 GHz) 
Conductor attenuation per unit length (dB/cm)- 
70GHz-   Relative error (%)   
Thickness (um) Txline HFSS Heinrich This work Txline HFSS Heinrich 
0,5 8,29 7,99 11,41 11,92 -30,44 -49,13 -4,25 
1 7,44 7,29 9,03 7,24 2,74 0,65 24,68 
2 6,39 7,68 7,85 6,91 -7,61 9,97 13,53 
3 5,76 6,61 7,21 6,62 -13,01 -0,18 8,88 
4 5,41 6,28 6,76 6,36 -14,96 -1,27 6,29 
5 5,11 6,20 6,42 6,12 -16,58 1,23 4,84 
7 4,59 5,70 5,92 5,71 -19,75 -0,24 3,61 
10 4,19 5,45 5,40 5,22 -19,64 4,23 3,46 
15 3,90 4,59 4,82 4,37 -10,68 4,80 10,31 
20 3,61 4,18 4,41 4,17 -13,47 0,27 5,78 
30 3,25 3,50 3,83 3,57 -9,06 -2,04 7,24 
50 2,79 3,28 3,16 2,91 -3,96 11,41 8,74 
100 2,26 2,62 2,45 2,21 2,13 15,62 10,82 
200 1,86 2,15 1,95 1,75 6,49 18,83 11,74 
 
Table C.15 Conductor attenuation as function of conductor thickness. 
Technical values: W=9um, G=15um, h=500um. Frequency=70GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
 
Variable: Width (70GHz) 
Conductor attenuation-Width (70GHz)   Relative error (%)   
Width(um) Txline Heinrich HFSS This work Txline Heinrich HFSS 
3 6,41 7,61 7,38 8,59 -11,35 12,83 -14,09 
4 5,90 7,38 7,21 7,80 -16,82 5,74 -7,61 
5 5,59 7,15 6,61 7,24 -14,13 1,33 -8,74 
7 5,24 6,75 6,54 6,58 -19,69 -2,48 -0,57 
10 4,99 6,29 6,11 5,95 -18,88 -5,42 2,74 
15 4,54 5,77 5,34 5,34 -14,99 -7,52 0,09 
20 4,33 5,42 5,25 4,96 -18,64 -8,50 5,95 
30 3,97 4,95 4,44 4,48 -10,57 -9,46 -0,92 
50 3,56 4,42 3,86 3,97 -7,62 -10,35 -2,67 
100 3,06 3,82 3,62 3,41 -16,51 -10,92 6,31 
 
Table C.16 Conductor attenuation as function of conductor width. 
Technical values: t=5um, G=15um, h=500um. Frequency=70GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
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Variable: Gap (70GHz) 
Conductor attenuation-Width (70GHz)   Relative error (%)   
Gap (um) Txline Heinrich HFSS This work Txline Heinrich HFSS 
2 19,12 23,26 20,84 21,52 -11,16 -7,49 -3,15 
3 14,25 17,87 17,20 16,23 -12,21 -9,15 5,95 
4 11,53 14,71 15,40 13,39 -13,92 -8,94 15,00 
5 9,93 12,68 13,20 11,59 -14,35 -8,56 13,85 
7 7,90 10,17 9,59 9,42 -16,05 -7,43 1,85 
10 6,42 8,13 7,95 7,65 -16,03 -5,94 3,97 
20 4,43 5,52 5,24 5,28 -15,97 -4,42 -0,68 
30 3,68 4,56 4,38 4,32 -14,88 -5,28 1,31 
50 3,00 3,73 3,44 3,42 -12,31 -8,26 0,57 
100 2,39 3,00 2,50 2,56 -6,66 -14,56 -2,40 
 
Table C.17 Conductor attenuation as function of conductor gap. 
Technical values: W=9um, t=9um, h=500um. Frequency=70GHz. Dielectric 
constant =34,7. Conductor material: Gold. 
 
 
